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1. Statement of results 



In , it is proved that if Xd C P" is a general hypersurface of degree d < , 
then each space RatCurves'^(X) parametrizing smooth rational curves of degree 
e on X, is itself an integral, local complete intersection scheme of the expected 
dimension {n + I ~ d)e + (n — A) . More precisely, it is proved that for every stable 
A-graph T and every flag / £ Flag(T) , the Behrend-Manin stack A4 {X, r) is an 
integral, local complete intersection stack of the expected dimension dim(X, r), 
and the evaluation morphism evf : A4{X,t) ^ X is flat of the expected fiber 
dimension dim(X, r) — dim{X). Since RatCurves'^(X) is a Zariski open set in the 
stack A4ofi{X, e), the result on RatCurves'^(X) follows. 



After establishing irreducibility and the dimension of the spaces RatCurves'^(X), 
the next question is to determine the Kodaira dimension of RatCurves'^(X). For 
a general Fano hypersurface Xd C P" with d < n, determining the Kodaira di- 
mensions of RatCurves^(X) is subtle. For instance for smooth cubic threefolds 
X3 C F^, X has a nontrivial intermediate Jacobian J{X), and the Abel-Jacobi 
maps RatCurves'^(X) J{X) is dominant for e > 4. So the Kodaira dimension is 



Date: February 1, 2008. 



1 



2 



J. HARRIS AND J. STARR 



at least 0; conjecturally the fibers of the Abel-Jacobi map are rationally connected 
so that the Kodaira dimension is exactly 0. 

On the other hand for d = 1, 2, it is a theorem of Kim and Pandharipande the- 
orem 3], that each of the spaces RatCurves*^(X) is itself a rational variety, and thus 
has Kodaira dimension — oo. In this paper we present the following generalization 
of 1^, theorem 3]: 

Theorem 1.1. Given positive integers {d,n) with (P + d + 2 < n and d > S, for 
Xd C P" a general hypersurface of degree d, each of the spaces M.q,o{X^ e) is ratio- 
nally connected. Thus RatCurves'^ {X) has a rationally connected compactification. 

To remind the reader, a variety V is rationally connected if given two general 
points p,q € V, there is a map f : ~> V whose image contains p and q. This 
property is strictly weaker than rationality, and it is unknown whether this property 
is the same as unirationality. It is a priori a much simpler property to check. And 
any rationally connected variety has Kodaira dimension — oo, therefore each of the 
schemes RatCurves^(X) has Kodaira dimension —oo. 

The proofs rely on theorem IV. 3. 7]: given a smooth variety V and a mor- 
phism f : ^ V such that /*Ty is an ample vector bundle, then V is ratio- 
nally connected. This criterion also works for smooth Deligne-Mumford stacks 
V. For readers not versed in stacks, this is a moot point - every morphism of 
into a stack constructed in this paper can be deformed to a map contained 
in the fine moduli locus of the stack. For a Behrend-Manin stack, A4{X,t), a 
morphism f : ^ Ai {X, r) is equivalent to a fibered surface tt : E ^ P^ , 
with some collection of sections ai,...,ar : P^ S, and a map / : S ^ X. 
Assuming that / : P^ ^ r) maps into the unobstructed locus, the bundle 

f*'^'M{x t) '■^^^ computed from a universal construction applied to the datum 
(tt : S ^ P^, CTi, . . . , ar, /). Thus, to prove Ai{X, r) is rationally connected, we are 
reduced to finding a datum (tt : E P^, cri, . . . , (7^, P^) satisfying certain properties. 

In the proof of the induction step, we will use the following technical hypotheses: 

Hypothesis 1.2. For each contraction of genus stable A-graphs, : cr ^ r, the 
codimension of the image of the corresponding morphism of Behrend-Manin stacks 
!M(X, (t) M{X, t) equals dim(A', r) - dim(X, a). 

In particular, by M, proposition 7.4], for a general Xd C P" with d < each 



stack M{X,a) has the expected dimension, and hypothesis 1.2 holds for X 



Hypothesis 1.3. The general fiber of the evaluation map ev : A4o,i{X, 1) ^ X is 
irreducible. 

In particular, for a general pair {[X], [p]) consisting of a hypersurface X C P" 
of degree d and a point p £ X, the associated fiber of ev is a subvariety Z C P"~i 
which is a complete intersection of a general sequence of hypersurfaces Yi, . . . ,Yd 
in P" with deg(li) — i. By the Bertini-Kleiman theorem, a general such complete 
intersection is smooth and connected if d < n — 1. 

Hypothesis 1.4. For each integer e > 0, the locus in Mo,i{X,e) parametrizing 
stable maps with nontrivial automorphism group has codimension at least 2. 
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Of course any stable map with nontrivial automorphism group has an irreducible 
component which is a multiple cover of its image. In light of proposition 7.4], 
a simple parameter count shows that for a general hypersurface C P" with 
d < hypothesis 1.4 is satisfied. 



1.1. Acknowledgments . We are very grateful to Johan de Jong and Steven Kleiman 
for many useful conversations. 

2. Deformation ample 
Unless stated otherwise, all schemes will be finite type, separated schemes over 
Spec C. All absolute fiber products will be fiber products over Spec C. 

The following lemma is completely trivial. 
Lemma 2.1. Let B be a connected, proper, prestable curve of arithmetic genus 
and let E be a locally free sheaf on E which is generated by global sections. Then 
H^{B, E) is zero. Moreover if p ^ B is any point andXp C Ob is the corresponding 
ideal sheaf, then H^{B,2p ■ E) is zero. 

Proof. Since E is generated by global sections, there is a short exact sequence of 
the form: 

> K > O®^ > E > (1) 

Since i? is a curve, H^{B, K) = 0. Therefore we have a surjection H^{B, Ob)®^ 
H^{B,E). Since B is connected of arithmetic genus 0, H^{B,Ob) is zero. Hence 
H\B,E) is zero. 

Now for any point p G B we have a short exact sequence: 

> Ip ■ E > E > E\p > (2) 

This gives rise to a long exact sequence in cohomology: 

H°{B,E) > E\p > H\B,Ip-E) > H\B,E) (3) 

By the last paragraph, H^{B,E) is zero. And since E is generated by global 
sections, H^{B, E) E\p is surjective. Therefore H^{B,Ip ■ E) is zero. □ 

Suppose given a connected, proper, prestable curve B of arithmetic genus and 
a locally free sheaf E of positive rank on B. Any pair {B,£) consisting of a flat 
family of connected, proper prestable curves over a DVR, say tt : K — > Spec R along 
with a locally free sheaf £ on 13 such that the closed fiber of tt is isomorphic to B, 
such that the generic fiber Brj of tt is smooth, and such that the restriction of £ to 
B C B is isomorphic to E will be called a smoothing of the pair {B,E). We want 
to know when {B,E) satisfies the condition that for every smoothing {B,£), the 
restriction 5^ of £ to the generic fiber is an ample locally free sheaf. Certainly if 
E is ample, this is true, but E need not be ample for this condition to hold: e.g. 
if E is an invertible sheaf such that the total degree of E is positive, then every 
smoothing of {B,E) will have ample generic fiber. Although it is not the most 
general criterion, we find the following notion to be useful and it is the one we use 
in the remainder of the paper. 



Definition 2.2. Let B be a connected, proper, prestable curve of arithmetic genus 
0. A locally free sheaf E on B with positive rank is deformation ample if 
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1. E is generated by global sections, and 

2. H^{B, E{Kb)) is zero, where Ob{Kb) is the dualizing sheaf of B. 
Remark 2.3. 

1. Conditions (1) and (2) above are independent. 

2. If E is invertible, then E is deformation ample iff the restriction of E to every 
irreducible component has nonnegative degree and the restriction to at least 
one irreducible component has positive degree. 

3. For a general E, one can determine whether E is deformation ample in terms 
of the splitting type of the restriction of E to each irreducible component 
together with the patching isomorphisms at the nodes of B. 

Definition 2.4. Let T be a scheme and let tt : S ^ T be a family of prestable 
curves of arithmetic genus 0. A locally free sheaf E on B with positive rank is 
■K -relatively deformation ample (or simply deformation ample if tt is understood) if 

1. the canonical map i:*'k<,E E is surjective, and 

2. R-^TT^{E{KTr)) is zero, where Ob{Ktt) is the relative dualizing sheaf of tt. 



Lemma 2.5. With notation as in definition 2.4, suppose J : T' ^ T is a mor- 
phism of schemes and let tt' : _B' — > T' be the base-change of tt by f. Let E' be 
the pullback of E by the projection g : B' —t B. If E is -k -relatively deformation 
ample, then E' is tt' -relatively deformation ample. If f is surjective, the converse 
also holds. 

Proof. For the main direction, by ^, section 8.5.2, proposition 8.9.1], it suffices to 
consider the case when T and T' are Noetherian affine schemes. 



There is a canonical map of OT'-modules a : f*TT^,E — > {TT')^,g*E. There is a 
commutative diagram: 

{TT')*f*TT^E " > g*TT*TT^E 

(^')*«| I (4) 

{tt')*{tt%E' > E' 

Since tt*tt^E E is surjective, we conclude that g*TT*TT^E — > E' is surjective. 
Therefore also (7r')*(7r')»£" E' is surjective. 

Now R'^tt^E{K) is identically zero. So by theorem 111.12.11(b)], we con- 
clude that for every closed point t £T,we have H^{Bt, E{K)\Bt) — 0. By prop. 
III.9. 3], we conclude that for every closed point f e T' , wehave H^{B^, , E' {K')\b'^,) = 
0. So by H, theorem 111.12.11(a)] and Nakayama's lemma, we conclude that 
R^tt'^{E' {K')) is identically zero. This shows that E' is 7r'-rclatively deformation 
ample. 



For the converse in case T' ^ T is surjective, we may reduce to the case that 
T is a Noetherian affine scheme. By the argument above, we conclude that for 
each closed point t' G T', we have H'^[B[, , E' (K')\b'J = 0. Since T' T is 
surjective, we conclude by prop. III. 9. 3] that for each closed point t e T we 
have H^{Bt, E{K)\Bt) = 0. So by |, theorem 111.12.11(a)] and Nakayama's lemma, 
we conclude that R^tt^:{E{K)) is identically zero. 



RATIONAL CURVES ON HYPERSURFACES, II 



5 



It remains to show that E is 7r-relatively generated by global sections. For each 
point t G T, there is some point t' G T' mapping to t. Since is generated 

by glo bal sections, it follows that E\Bt is generated by global sections. So, by 
lemma we conclude that {Bt, E\b_^) is zero. So by theorem 111.12.11(a)] 
and Nakayama's lemma, we conclude that R^tt^,{E) is identically zero. Since E is 
flat over T, it follows by a standard argument that for any coherent ©T-module J-^ 
we have that i?^7r*(7r*J^ ® E) is also zero. In particular, applying the long exact 
sequence of higher direct images to the short exact sequence: 

> TT*Xt®E > E > E\b, > (5) 

we conclude that Tr^{E) — > i/'^ {Bt,E\B^) is surjective. Since EIb^ is generated by 
global sections for each i e T, we conclude that E is 7r-relatively generated by 
global sections. □ 



Lemma 2.6. With notation as in definition 2.4, if is smooth, then E 



relatively deformation ample iff E is n -relatively ample. 

Proof. Both properties are local on T and can be checked after etale, surjective base- 
change of T. Thus we may assume that tt : B — > T is isomorphic to tti : T x P-'^ — > T. 
Define F = (7ri),(i?07rJC'pi (— 1)). There is a natural map a : (7ri)*F(8)7r2 0pi (1) 
E. Suppose that E is deformation ample. Then the claim is that a is surjective. 
To prove this, it suffices to prove the following: 

1. For each geometric point t oi T with residue field k, we have H^{P\, E\Bt ^ 
Opi(— 1)) is trivial, 

2. tt*F\b, =H°{Pl,E\B,^Ori{-l)), and 

3. the map H°{¥l,E\Bt Opi(-l)) Opi(l) ^ EIb, is surjective. 

Now by Grothendieck's lemma exercise V.2.6], E\Bt splits as a direct sum 
Opi (oi)©- • -©Opi (or) for some integers ai < • • • < a^. By lemma |275| , we know that 
E\Bt is deformation ample. It follows that ai > 1. Thus H^{Bt, E\Bt 0Opi (—1)) = 
and (1) is established. Combined with ||, theorem 111.12.11(b)], also (2) follows. 
Finally, for Oi > 1, we clearly have ir°(P^, Opi (a, - 1)) ® e'pi(l) Opi(a,) is 
surjective. Thus (3) holds and the claim is proved. Now {tii)*F ® (7r2)*C'pi (1) is 
TTi-relatively ample. Since £^ is a quotient of (7ri)*i^ ® (7r2)*C'pi (1), we conclude 
that E is also 7ri-relatively ample. 

The converse result follows in the same way. □ 



Lemma 2.7. With notation as in lemma 2.4, there exists an open subscheme 
i : U —I- T with the following property: for every morphism f : T' ^ T , f(T') is 
contained in U iff E' is tt' -relatively deformation ample. 

Proof. By section 8. 5. 2, proposition 8.9.1], we may reduce to the case that T and 
T' are Noetherian affine schemes. 

Let Zi C r be the closed subset with is the image under / of the support of 
coker(7r*7r*i? E). Let Z2 C T be the closed subset which is the support of 
R^Tr^,{E{KTr)). Let i : U ^ T he the open complement of Zi U Z2. 
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Suppose / : T' — > T is a niorphism of schemes. By theorem III. 12. 11, prop. 
III. 9. 3] and Nakayama's lemma, R^Tr'^{E' {K')) is identicaUy zero iff for each t' G T' 
with t = f{t'), we have H^{Bt, E{K)\Bt) is zero, i.e. if t is contained in the 
complement of ^2- So R^Tr'^{E' {K')) is identically zero iff /(T) is contained in the 
complement of Z2- If R^ttI{E'{K')) is zero, then also R^ttI{E') is zero (by the 
same argument as in the proof of lemma 2.5). So using theorem III. 12. 11, prop. 



III. 9. 3] again, E' is 7r'-relatively generated by global sections iff for each t' G T' with 
t = f{t'), we have Et is generated by global sections, i.e. t is in the complement of 
Zi. So we conclude that E' is 7r'-relatively deformation ample iff /(T) is contained 
in the complement of U Z2. □ 



Lemma 2.8. With notation as in definition 2.4: 

1. If El ^ E2 is a morphism of locally free sheaves on B whose cokernel is 
torsion in every fiber (in particular, if the morphism is surjective), if E2 
is nonzero, and if Ei is it -relatively deformation ample, then also E2 is n- 
relatively deformation ample. 

2. Given a short exact sequence of nonzero locally free sheaves on B, 

> El > E2 > E3 > (6) 

if El and E3 are tt -relatively deformation ample, then E2 is also n-relatively 
deformation ample. 

3. If E is TT -relatively deformation ample, then for each integer n > 1, also iJ®" 
is TT -relatively deformation ample. 

Proof. First we prove (1). Let Q denote the cokernel, which is assumed to be 
torsion. Now R^tt^, is right exact on coherent sheaves, R^tt^,{Q{K)) is zero (because 
Q{K) is torsion in fibers), and R^tt^,{Ei{K)) = by assumption. So we conclude 
that also R'^TT^{E2iK)) = 0. Let I C E2 denote the image sheaf of Ei E2. The 
surjective composition map 

TT*TT^El > El > I (7) 

factors through tt*tt^,I — > /. Therefore / is 7r-relatively generated by global sections. 
In particular, R^tt^I is zero (because R^tt^Ob is zero). Since Q is fiberwise torsion, 
it is TT-relatively generated by global sections. Now we have a short exact sequence 
of coherent sheaves: 

> I > E2 > > 0. (8) 

Applying the long exact sequence of higher direct images, and using that R^tt^,! is 
zero, locally on B all global sections of Q lift to global sections of E2. Since also 
I is TT-relatively generated by global sections, we conclude that E2 is 7r-relatively 
generated by global sections. Thus E2 is 7r-relatively deformation ample. 

Next we prove (2). The long exact sequence of higher direct images and the 
vanishings R^tt^{Ei{K)) = R^tt^{E3{K)) = imply that R^tt^{E2{K)) is also 
trivial. Now Ei and £"3 are 7r-relatively generated by global sections an so (locally 
on T) they are quotients of a trivial sheaf Since R^tt^^Ob is zero, and since 

R^TT^, is right exact for short exact sequences of coherent sheaves, we conclude 
that R^TT^Ei = R^TT^Es = 0. Applying the long exact sequence of higher direct 
images to the short exact sequence above, we conclude that 7r*(i?2) — > 7r*(i?3) is 
surjective. Since E3 is 7r-relatively generated by global sections, we conclude that 
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7r*7r*i^2 —>■ E2 —>■ Es is surjective. Therefore the map from Ei to the cokernel 

of 7r*7r*i?2 E2 is surjective. But since Ei is 7r-relatively generated by global 
sections, this map is zero and we conclude 7r*7r*i?2 — > E2 is surjective. So E2 is 
TT-relatively deformation ample. 

Finally we prove (3) by induction on n. It suffices to consider the case when T 
is affine. For n = 1 it is trivial. Suppose n > 1 and suppose the result is known for 
all smaller values of n. In particular, is 7r-relatively generated by global 

sections, and we have a natural surjoction 

T:,7:*{E'^^"-''>)®On E ^ E^"". (9) 

Now we can find a surjective map O^'' — » 7r*(£'®'"~^)). Thus we have a surjection 
E®'^. By (2) above and induction, we have that E®"^ is 7r-relatively de- 
formation ample. By (1) above, we conclude that E®'^ is 7r-relatively deformation 
ample, and we have proved (3) by induction on n. □ 

Lemma 2.9. Suppose now that T = Spec k for some algebraically closed field k. 
If E satisfies the hypotheses 

1. For every irreducible component Bi c B we have E\Bi is generated by global 

sections, and 

2. for some nonempty closed subcurve B' C B, E\b' is deformation ample, 
then E is deformation ample. 

Proof. Let 6 be the number of irreducible components of B which aren't contained 
in B'. We prove the result by induction on 6. If 6 = 0, then B = B' and there is 
nothing to prove. Thus suppose that ^ > and suppose the result has been proved 
for all smaller values of 6. 

Let Bi C -B be an irreducible component of B which is not in B' , let B2 C B 
denote the union of all irreducible components other than Bi , and suppose that Bi 
intersects B2 in precisely one node p of B. By the induction assumption E\b2 is 
deformation ample. 

First wo prove that E is generated by global sections. Let F C E he the image 
of H°{B, E) ®k Ob E. We have a short exact sequence of coherent sheaves: 

> E\Bd-p) > E . E\b, > 0. (10) 

Since E\bi is a locally free sheaf on P-'^ generated by global sections, Grothendicck's 
lemma and cohomology of line bundles on imply that H^{B,E\bi{—p)) = 0. 
Thus all the global sections of E\b2 lift to global sections of E, i.e. F — > E\b2 is 
surjective. So E/F is supported on Bi and thus is a quotient of E\bi. Since E\bi 
is generated by global sections, also E/F is generated by global sections. We have 
a short exact sequence 

> F >■ E >■ E/F > 0. (11) 

Since H^{B,Ob) = 0, also H^{B,H°{B,E) 0fc Ob) = 0. Since H^{B,*) is right 

exact, H^{B, F) = 0. Thus all the global sections of E/F lift to global sections of 
E. This can only hold if E/F = 0, i.e. if E is generated by global sections. 
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Next we prove that H^{B,E{Kb)) — 0. We have a short exact sequence of 
sheaves: 

> E{Kb)\bA-p) > E{Kb) > E{Kb)\b, > 0. (12) 

This gives an exact sequence of vector spaces: 

H\B,E{Kb)\bA~p)) > H\B,E{Kb)) > H\B,E{Kb)\b,) > ( 

(13) 

By standard results on duaUzing sheaves and finite morphisms, we have 

Kb, = Homo^{OB,,KB) - Kb\b.A-p). (14) 

Therefore H^{B , E{Kb)\bA-p)) = H^{B2, E\b,{Kb,)), which is zero by the in- 
duction assumption. Similarly, E{Kb)\bi equals £'|bj(— 1) (identifying Bi with 
P^). Since E\bi is generated by global sections, it follows by Grothendieck's lemma 
and cohomology of line bundles on that H^{Bi, £^1^^ (— 1)) is trivial. Therefore 
we conclude that H^{B, E{Kb)) is trivial. So E is deformation ample, and the 
result is proved by induction on S. □ 



Remark 2.10. A particular case of lemma 2.9 is when B' is one irreducible compo- 
nent of B. Then the lemma says that a locally free sheaf on B which is generically 
ample in the sense of Lazarsfeld ||^ is deformation ample. 

3. Some deformation theory 

In the next section we will need some deformation theory of stable maps. 

Notation 3.1. Suppose T is a scheme and suppose 

C=((7r:B^r,ai,...,a,),.g:B-->X) (15) 

is a family of marked prestable maps to a smooth scheme X. Denote by the 
complex of coherent sheaves on B 

-1 

(<i/)t (16) 

f*^X > ^nic^l^ hCTr) 

Denote by the object 

q ■.= RHomosiLc,OB) (17) 

in the derived category of B. 

The relevance of the complex is the following. 

Lemma 3.2. Suppose X is a smooth projective scheme. Let tt : B Aig^riX, P) 
denote the universal curve, let dj : Mg^riX, 0) — > B denote the universal sections, 
and let f : B ^ X denote the universal map, i.e. 

C ^ {{tt : B ^MgAX, P),ai, . . . ,ar) J : B ^ X) (18) 

is the universal family of stable maps. There is an obstruction theory for Adg^r {X, (3) 
in the sense of j^, definition 4.4] of the form 

0: (R7r,(L^^)[l])^^L^^^,(^_^). (19) 
Proof. Essentially this follows from |^ and [Q . □ 
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Remark 3.3. Explicitly, if C = {{B,pi, . . . ,Pr), f : B —> X) is a stable map (i.e T = 

Spec C), then the space of first order deformations of C is given by Ext^ (Lq, Ob) 
and the obstruction group is a subgroup of Ext|,^ (L^, O^). In particular, if 
ExtQ^(Lf,OB) vanishes, then A4g^r{^, P) is smooth at the point [(]. 

3.1. Contracting unstable components. In this subsection we wish to investi- 
gate the relationship between Exto^ (^d ^b) and Exto^, (L^, O'^) where 

C = {{B,pu...,Pr)J:B^X) (20) 

is a prestable map, where 

iB',p[,...,p'^,q[,...,q'^) (21) 

is a prestable curve, where 

h:iB',p[,...,p[.)^{B,pu...,Pr) (22) 

is a map which contracts some of the unstable components of {B',pi, . . . ,Pr), where 
f — f oh and where is the prestable map 

C' = {{B',p[, . . . gi, . . . , q'JJ' : B' ^ X). (23) 



Any morphism h : B' ^ B as above can be factored as a sequence of elementary 
maps. We begin by analyzing the case ( = {B,f : B ^ X) is a prestable map 
without marked points, h : B' ^ B contracts a single unstable component, and 
C = (B' , f = f o h : B' ^ X) (again without marked points). We call such maps 
either type I or type II, depending on whether the image under h of the contracted 
component is a smooth point of B or a node of B. After this, we analyze the case 
where ( = {B, {pi, . . . ,p„), f : B ^ X) is a marked prestable map, where B' is the 
same prestable map, but with one extra marked point, and where h : B' ^ B is 
the identity map. We call such a map type III. 



To simplify calculations, we replace by a quasi-isomorphic complex as follows. 
Choose a regular embedding i : B ^ S oi B into a smooth surface S. Then the 

morphism (f.i) : B ^ X x S is a regular embedding. Let A'^(/,i) denote the normal 
bundle of the embedding. There are induced morphisms a/ : X'^^ — » f*flx 
and /3j 



i*05 which are the components of the canonical morphism 
{f,i)*flxxs- Define the complex to be 



i*ns ^^^^ 

L( defined by the commutative 



-1 

(/.») 



I3i 



There is a map of complexes 7(/,i) 
diagram 



a/ 



{diy 



(25) 



X 



Lemma 3.4. 

plexes. 



The morphism J{f,i) '■ L(^f^^'^ Lq is a quasi-isomorphism of com- 
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Proof. This is an easy local argument which is left as an exercise for the reader. □ 

As a corollary of the lemma, we see that is represented in D{Ob) by the 
complex Z/^^ defined to be 



(26) 



Now suppose that p ^ B d S is & point, define 5 : S" — > S' to be the blow up of 
S aX p with exceptional divisor E, and define i' : B' ^ S' to be the reduced total 
transform of B. 

We break up our analysis according to the type of behavior of p £ B. If p G B 
is a smooth point, we call this type (I). If p G B is a node, we call this type (II). 
We further decompose each type as follows. If p S -B is a smooth point which lies 
on a stable component, we say this is type (la). If p S B is a smooth point which 
lies on an unstable component, we say this is type (lb). If p £ i? is a node, and the 
first order deformations of C, smooth the node, we say this is type (Ila). If the first 
order deformations of C, don't smooth the node, we say this is type (lib). 

For type (I), we have g*B equals B' as Cartier divisors. For type (II), we have 
g*B equals B' + E as Cartier divisors. For both types, we define h : B' ^ B tohe 
the restriction of g and we define f : B' ^ B to he f = f o h. 

Of course we have g^Os' = Os and R'^^^g^Os' is zero. For type (I), we have 
Os'{—B') = g*Os{—B). So by the projection formula we have g,:Os'{—B') = 
Osi-B) and R''>°g^Os'{-B') is zero. Also we have that g*Os'{E) = Os and 
R^>^g^Os'{E) is zero. So also for type (II) we have g^Os'{-B') = Os{-B) and 
R''>°g*Os'{-B') is zero. 

Using the resolution of Ob' 

> Os'{-B') > Os' ^ Os' ^ (27) 

we conclude that h^Os' = Ob and R'^^^h^Os' is zero. In other words, the canon- 
ical morphism Ob ^ MJi^^Ob' is a quasi-isomorphism. From this it follows by the 
projection formula that the canonical morphism 

i^/,,)^M/i.Lr(i^/,,)) (28) 

is a quasi-isomorphism. Therefore the puUback morphisms 

tf(B, Li) m^{B', g*Vl) (29) 

are isomorphisms. 

Now there is a canonical morphism Os'{B') g*Os{B). For type (I), this 
morphism is an isomorphism. For type (II), this morphism is injective and the 
cokcrncl is g*Os{B)\E: i.e. Oe ®c M where M = Os(B)\p is a one-dimensional 
vector space. For type (I), we conclude that the canonical morphism -/V(/',i') 
h*N(^f^i) is an isomorphism. For type (II), we conclude that there is an exact 
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sequence: 

^ Torf'' {Ob' , Oe) ®cM^ N^j,^,,) ^ /i* A^(/,,) -^Oe^cM^Q (30) 

For both types, denote by F c S' the subcurve which is the union of all components 
other than E, and let D = EdV. From the resolution of Oe 

. Os'{-E) . Os ^ Oe > (31) 

we have the relation 

Tor°"{OB',OE) = Ir ^o^, Os'{-E) = Oe{-E){-D). (32) 

where Xp is the ideal sheaf of Ob' defining F C B', i.e. Oe{—D). So in case (2), 

we have an exact sequence: 

^ Oe{-E){-D) ®c M iV(/,,i,) ^ /i*iV(/,i) ^ Ob ®c M ^ 0. (33) 
For both types, we have a short exact sequence of Og'-modules 

. g*ns ns > Qe > 0. (34) 

Applying 'KHomog, (*, Cs")) we have an exact sequence 

^ Ts> ^ g*Ts ^ Ext\,^,{OE.Os-) ^ (35) 

Using the resolution oi Oe in the last paragraph, we have that 

Ext],^,{OE,Os') = OE{E). (36) 
So we have an exact sequence 

> Ts' y g*Ts ^ Te{E) . (37) 

Using our Tor result from the last paragraph, we have a short exact sequence 

-y Te{-D) {i')*Ts' h*i*Ts Te{E) 0. (38) 
Notice this holds in both cases. 

The maps N(^f,^ir^ h*N(^f i) and {i')*Ts' h*i*Ts considered in the last 
two paragraphs are compatible with a^/ and h*ai. So we have an induced map 
of complexes dg : V^, — > h*V^. Define / ^ h*V^ to be the image complex of 
dg : L'qi h*LQ. For type (I), we define two complexes of coherent sheaves on 
B', Ki and Qi, by Kj = Te{-D)[0] and Qj = Te{E)[0]. For type (II), we define 
complexes of coherent sheaves on B', Kjj and Qn by 

Kii = TEi-D)[0] e {Oe{-E){-D) Oc M) [-1] (39) 
Qii = Te{E)[0]®{Oe^cM)[-1] (40) 

Then we have exact sequences of complexes 

y K > LX' I ^ 

^ (41) 
y I y h*L'^ > Q > 

For type (I), we have that M°{B',Ki) = H°{E,Te{-D)) is 2-dimensional, be- 
cause Te{-D) ^ Oe{1). And m''>'^{B',Ki) is zero. Similarly B°{B',Qi) = 
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H°{E,Te(,E)) is 2-dimensional and M''>^{B',Qi) is zero. Therefore we have a 
long exact sequence of hypercohomology groups: 

- H\E, Te{^D)) ^ HO(i?', L^^, ^ H"(B, L^^^,)) ^ . . . 

• •• ^ H\E,Te{E)) ^ Hi(i?',L^^,^,,)) ^ Hi(i?,i^^.,)) ^ 

For type (la), the map 

m\B,qf.^)^H\E,TE{E)) (42) 
is the zero map. So we have proved the following lemma. 

Lemma 3.5. Suppose that h: B' ^ B is type (la). Then we have exact sequences: 

- H\E,Te{-D)) - HO(B',iV , .,^) ^ eO(B,i^^ .)) - (43) 

^ H\E,Te{E)) ^ Hi(S'. L^^., ,.,)) ^ W\B, L^^ .)) ^ (44) 

- (i?',LV^, ^,)) ^ (B,i^/,,)) - (45) 

50 i/ie canonical map from the Lie algebra of infinitesimal automorphisms of Cf to 
the Lie algebra of infinitesimal automorphisms of Q is surjective with 2-dimensional 
kernel, the canonical map from the space of first order deformations of (' to the 
space of first order deformations of C, is surjective with 2-dim,ensional kernel, and 
the obstruction space of C,' equals the obstruction space of Q. 

For type (lb), the map 

m\B,Ll.^)^H\E,TE{E)) (46) 
has a 1-dimensional image; we will call it A''. We have proved the following lemma. 

Lemma 3.6. Suppose that h : B' ^ B is type (lb). Then there is a 1-dimensional 

subspace N C H'^{E,Te{E)) such that we have exact sequences: 

^ H°{E, Te{-D)) ^ m\B', L^^,_,,)) ^ H"(B, L^^- ^ TV ^ (47) 

^ h\e,Te{e))/n ^ m\B',L\^,^^,;) ^ w\b,l\j^,;) ^ o (48) 

- U\B', i^^,,,,)) m\B, L^/_,)) - (49) 

So the canonical map from the Lie algebra of infinitesimal automorphisms of Q' to 
the Lie algebra of infinitesimal automorphisms of Q has both 1-dimensional kernel 
and cokernel, the canonical map from the space of first order deformations of C,' to 
the space of first order deformations of C, is surjective with 1-dimensional kernel, 
and the obstruction space of Q' equals the obstruction space of C,. 

Next we consider type (II). Then Oe{—E){—D) is isomorphic to Oe{—1). Since 
if°(£, Oe{-1)) = H^{E, Oe(-1)) = 0, the terms OEi-E){-D) 0c M[-l] do not 
contribute to the hypercohomology of Kjj. And Te{—D) is isomorphic to Oe- 
So we have B°{B',Kii) = H°{E,Te{-D)) is 1-dimensional and n''>° {B' , K 1 1) is 
zero. 

For Qjj both terms contribute to the cohomology. We have Te{E) is iso- 
morphic to Oe{1) so that B°{B',Qii) = H°{E,Te{E)) is 2-dimensional, and 
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M.^{B' ,Qjj) = M = Os{B)\p is 1-dimensional. Therefore we have a long exact 
sequence in hypercohomology: 

- H°{E, Te{-D)) - HO(i?', L^,^,^) ^ H"(S, - . . . 

■ • • - H\E,Te{E)) ^ Hi(i?', L^^., ^ Hi(B, L^/^,)) ^ . . . 

• • • ^ M ^ H2(B', iv^,^.,)) ^ LXf.^) ^ 

Geometrically, every infinitesimal automorphism of C, lifts to an infinitesimal au- 
tomorphism of C'. so that ]HI°(B, L^^ .j) ^ Te(£;)) is the zero map. Similarly, 

the map ]HI^(_B, L^^ Os{B)\p is nonzero iff there arc deformations of C, which 

smooth the node p to first order. So we have the following lemma: 

Lemma 3.7. Suppose that h : B' ^ B is type (Ila). Then we have exact sequences: 
^ H"iE,TEi-D)) ^ H"(B',i^^.,_,.,)) ^ H"(B,L^^^^)) ^ (50) 
-> H\E,Te{E)) ^ Hi(B',L^^,_,,)) ^ ei(i3,L^^.,)) ^ ^ (51) 

^ (i?', L^^,^,,)) ^ h2(B, L^^^^)) -> (52) 

So the canonical map from the space of first order deformations of (' to the space 
of first order deformations of C, has both 1-dimensional kernel and cokemel, and the 
obstruction space to equals the obstruction space to 

Lemma 3.8. Suppose that h: B' ^ B is type (lib). Then we have exact sequences: 

- H\E,Te{-D)) m\B',L-(f,.,^) - M\B,L-(f.^) - (53) 

^ H\E,Te{E)) ^ W\B',Ll,.,)) ^ n\B,Ll^^)) ^ (54) 

^ Osmp - ^\B', q^,.,)) ^ U\B, q^^,)) ^ (55) 

So the canonical m,ap from the space of first order deformations of C^' to the space of 
first order deformations of C, is surjective with 1-dimensional kernel, and the map 
from the obstruction space of to the obstruction space of ( is surjective and has 
a 1-dimensional kernel. 

Finally, we consider the case when h : B' ^ B is the identity map, but there is 
one extra marked point q G B' which is not in B; we call this type (HI). We further 
break this up as follows. If g G i? lies on an unstable component, we call this type 
(Ilia), li q G B lies on a stable component, we call this type (Illb). 

For type (III), there is a canonical short exact sequence of complexes: 

^ ^ L'^ . ^B{q)\M ^ (56) 

Of course we have: 

Ext^jr!B(q)|g[0],OB) = 0, (57) 

Ext^^(r!B(g)|,[0],OB) =TB|g, (58) 

Ext2,^(f7B(g)M0],OB) = 0. (59) 

The induced map Ext^,^ (Lj, Ob) ^ Tslg is nonzero iff q lies on an unstable com- 
ponent of Q. Thus we have the following lemma: 
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Lemma 3.9. Suppose that h : B' B is type (Ilia). Then we have exact se- 
quences: 

^ Ext",^, iLc',OB') ^ Ext°,^ (l^^Ob)^TbU^O (60) 

0^Ea;t^^,(Lc',Ci30 -^Ea;t^B(ic,Os) (61) 

^ Ext^^^,{L^,,OB') Ea;i^^(i(;,e)s) ^ (62) 

So the Lie algebra of infinitesimal automorphisms ofC.' has codimension 1 in the Lie 
algebra of infinitesimal automorphisms of the space of first order deformations 
of C equals the space of first order deformations of C,, and the obstruction space of 
C,' equals the obstruction space of Q. 

Lemma 3.10. Suppose that h : B' ^ B is type (Illb). Then we have exact se- 
quences: 

^ ¥.xt%^,{Lc',OB') ¥.xf(^^{LQ,OB) (63) 

^ Ts I , ^ Exti,^, {L^,,Ob')^ Ext\,^ (i^ , Ob ) ^ (64) 

^ ¥.xt%^, (Lc ,Ob')^ Ex^Ob {Lc,Ob)^0 (65) 

So the Lie algebra of infinitesimal automorphisms of equals the Lie algebra of 
infinitesimal automorphisms of the canonical map from the space of first order 
deformations of C to the space of first order deformations of C is surjective with 
1-dimensional kernel, and the obstruction space of C,' equals the obstruction space 
ofC- 



Combining lemma |3^ through lemma p. 10 , one can analyze the associated maps 



of vector spaces Ext^ , (^c'' ^b') ^ Ext^^ [Lq, Ob) for any morphism h : B' ^ B 
which removes some subset of marked points from B' and then contracts some 
subset of the unstable components. 

3.2. Gluing stable curves. Just as one has an obstruction theory for Aig^r{X, (3) 
of the form ^Rtt, {J-'X^ [1]) i ^^^o for any stable A-graph r, one has an analogous 

obstruction theory for each of the Behrend-Manin stacks r) (c.f. for the 

definition of A^(X, t)). We will not describe this obstruction theory here. In [Q, a 
relative obstruction theory for the morphism M. {X, r) 97t(T) is given from which 
an absolute obstruction theory for A^(X, t) can be deduced. 

Suppose that t is a stable A-graph, and suppose that {/i, /2} is a disconnecting 
edge of T. Let ri C r be the maximal connected subgraph which contains /i and 
not /2, and let T2 C r be the maximal connected subgraph which contains /2 and 
not /i. So we have forgetful 1-morphisms M.{X, r) M.{X, r^) for i = 1, 2. 

Lemma 3.11. Suppose that C, : T JV[[X,t) is a 1-morphism and let Q : T ^ 
A4{X,Ti), i — 1,2 be the composition of C, with the forgetful 1-morphism above. 
Suppose that for each point t € T, the stable maps Ci(^) G ■M.{X,ti) and C2{t) £ 
A4{X, T2) are unobstructed (in the sense that the obstruction groups described above 
are zero) and the evaluation morphism evf^ : Ai{X,Ti) X is smooth at (i{t). 
Let Tevf^ denote the dual of the sheaf of relative differentials of evf-^ . Then also 
C{t) e M{X,t) is unobstructed, and there is a short exact sequence: 

> CiTe.,, > CTM^x,r) > QT^(X.^^) > (66) 
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Proof. The proof essentially follows from the fact that A4 {X, r) is an open substack 
of the 2-fiber product: 

M{X M{X,T2). (67) 

The details are left to the reader. □ 

Now suppose that (j) : t ^ a is the contraction of stable A-graphs which contracts 
the edge {/i,/2}- The induced 1-niorphisni A4{X,t) — > A4{X,a) is unramified of 
codimension at most 1. In some circumstances, it is the normalization of a Cartier 
divisor. 



Lemma 3.12. With the same notation as in lemma 3.11, suppose that t is a genus 
tree. For i = 1,2, let the domain of Q be given by tt^ : — > T, let Qi : Ci X 
he the map of Q, and let si : T Ci be the section corresponding to the flag fi of 
Ti . Denote by T^^ the dual of the sheaf of relative differentials of tt; . 

Suppose that for every point t ^ T, M.{X,T2) is unobstructed at C,2{t), and 
suppose that g^Tx is ni-relatively generated by global sections. Then for each point 
t G T, A4{X,a) is unobstructed at C{t), the morphism A4{X,t) A4{X,a) is a 
regular embedding of codimension 1 at (^(t), and we have a short exact sequence: 

. C*%f(x,r) ^ CT^ix,.) ^ ^IT^i ® ^ (68) 

Proof. Let t: : C T he the family of curves obtained by identifying the section 
si of TTi and the section S2 of 772. Let s : T — > C be the section corresponding to si 
and S2- Let g : C ^ X he the map obtained by gluing gi and g2. 

First we prove that for any point t e T we have that Ai {X, cr) is unobstructed at 
C(f) and the morphism (X, r) M{X, cr) is a regular embedding of codimension 
1. The two statements together are equivalent to the statement that there are first 
order deformations of the map ({t) 6 Ai{X,a) which smooth the node s{t) S Ct- 

Now there is an exact sequence for (^{t) G A4{X,a): 

TM(x,a)\m Exfi {nc^OcJ ^ {Ct,g*Tx) ^ Obs(C(i)) ^ (69) 

Here Obs(C) is the obstruction group to A4{X, cr) at Similarly, we have an exact 
sequence for (2(1): 

TMix,rJcm ^ Exti(^c,)J > H^{{C2)u9*2Tx) > (70) 



We have a short exact sequence of sheaves on Ct : 

> glTx {-s{t)) > g*Tx > g^Tx > (71) 



By assumption, g^Tx is generated by global sections. Thus by lemma 2.1, we 
conclude that {Ct, glTx {—s{t))) is zero. Thus we have an identification of 
H^{Ct,g*Tx) and {{C2)t, g^Tx). Also, Exti(nct, Oct) is canonically isomor- 
phic to the product over all nodes q G Ct oi T'^ ® T'^ where and T'^ are the 
tangent spaces to the two branches of Ct at q. We have the analogous result for 
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(C2)t- Via these identifications, we have a commutative diagram: 
Exti(Oc,,OcJ ^ H^{Ct,g*Tx) 

4 1= ^^^^ 

Exti(l](c,),,0(c.).) > H^{{C2)u9*2Tx) 

where p is the canonical projection. Choose any section 

ct> : r;(,) ® T^[,^ ^ Exti {nc, , Oc, ) (73) 

and any section 

^ : Exti (r!(c.).,0(c.).) - Ext^ (Oc„ 0cj (74) 
of the canonical projections. Choose any clement u £ 2^s(t) ® -^"(t) ^^'^ consider the 
image 4>{u) of (/'(w) in iJ^ (Ct,g*Tx)- Since the map 

Exti(f)(c,).,0(c.)J > H^{{C2)t,9*2Tx) (75) 

is surjective, we can find some element v E Ext^ (^(C2)t ' ^(C2)t) such that iIj{v) 
equals </<(«). Consider </)(«) — ip{v). This has image in {Ct, g*Tx)- Therefore 
we conclude that it is in the image of T^j.-^ (T)lc(t)- ^° conclude that u is in the 
image of the projection map T-j^i^^ ^-^ T'^j^ ® -^s(t)' ^"^^ ^^^^ projection map is 
surjective. So the deformations of Q{t) smooth the node s{t). Therefore M.{X,a) 
is smooth at C,{t) and the morphism M{X,t) M{X,a) is a regular embedding 
of codimension 1 at ({t). 

Finally, the short exact sequence above is just the globalized version of the 
projection map Tj^^-^ ^ — > T^^^^ (g) T^'^^j appearing in the last paragraph. □ 

4. Properties of families of stable maps 

In this section we introduce some definitions and lemmas regarding properties of 
families of stable maps. Recall, to prove that M.o,o{X,e) is rationally connected, 
we have to find a very free 1-morphism C : P'^ ^ Mq^q^X, e), i.e. a 1-morphism 
whose image is contained in the smooth locus and such that C*^aT|) e) 
ample vector bundle. Our proof that such a 1-morphism exists is by induction, 
where the induction step consists of attaching a 1-paramctcr family of lines to our 
1-parameter family of degree e stable maps. To make the induction argument work, 
we need a bit more than a very free 1-morphism ^ : — > A4o,o{X, e). The property 
we need is what we call a very positive 1-morphism. Additionally, we need that 
our 1-parameter family of lines has a property which we call very twisting. Finally, 
because of an operation we perform on 1-morphisms which we call modification, and 
which we introduce in the next section, we need to consider the case of 1-morphisms 
with reducible domain, i.e. ( : B ^ Mo,i{X, e) where i? is a connected, prestable 
curve of arithmetic genus 0. This is the level of generality in which we make all our 
definitions. 

Definition 4.1. Given a genus stable map C — {{B,pi, . . . ,Pn), f ■ B ^ X), we 
say Q is very stable if the unmarked prestable map {B, f : B ^ X) is stable. 
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Notation 4.2. Given a closed subscheme X C P" and a scheme B, a 1-morphism 
C, : B ^ Aig,r{X, e) is equivalent to a datum: 

C = (be : ^ B,ac^.i, . . .,aQ^r),9c) ■ (76) 

Here p^; : — > _B is a family of prestable curves, ac^^i : i? is a collection of 

sections, (7(; : E^ — > X is a morphism of schemes and we denote h^^i = o (^ci- 
When there is no risk of confusion, we will suppress the C subscripts. 

Definition 4.3. Suppose tt : _B ^ T is a family of prestable, geometrically 
connected curves of arithmetic genus 0. Suppose given a 1-morphism : B —> 
Mo^i{X, 1), i.e. a datum 

C= (p:E^B,a:B^E,g:E^X) (77) 

such that X is smooth along .9(E). The 1-morphism C, : B A^o,i(^, 1) is twisting 
if 

1. The data {tt : B ^ T,h : B ^ X) is a family of stable maps to X, i.e. a 
1-morphism ^ : T ^ Mo,o{X, e) for some e > 0. 

2. The image of ^ : T ^ A4ofi{X, e) is contained in the very unobstructed locus 

3. The image of C ■ T A4oa{X, 1) is contained in the very unobstructed locus 
of the evaluation morphism ev : A4o^i{X, 1) X. 

4. Denoting by Tcv the dual of the sheaf of relative differentials fiov, the puUback 
bundle C*Tcv is 7r-relatively generated by global sections. 

5. Denoting by pr : Mq,i{X, 1) Mo.o{X, 1) the projection map, and by Tpr 
the dual of the sheaf of relative differentials fipr, the puUback bundle C*2pr, 
i.e. the line bundle (T*0^{a), is 7r-relatively generated by global sections. 



Definition 4.4. With notation as in definition 4.3, a morphism : T ^ ^Ao,liX, 1) 



is very twisting if it is twisting and if (*Tev is 7r-relatively deformation ample. 



Remark 4.5. Regarding the definitions above: 

1. In (2) and (3) of defintion [4.3| , very unobstructed means that the naive ob- 
struction group vanishes. For (2) this means that for each t G T and the 
corresponding stable map {ht : Bt ^ X), the following group vanishes: 

-1 

(78) 

Ext],^{h;nx > Ob„ Ob,) 

2. It is easy to see that C*7pr is just a*Os{a). 

3. Observe the product morphism (j),g) : B x X is a regular embedding. 
Denote by M the normal bundle of this regular embedding. Then (3) is 
equivalent to the condition that (A/'(— cr)) is trivial. In this case (*Tcv 
is the locally free sheaf (7V(— cr)). 

4. Since the prestable family of maps (tt : i? T, f : _B — *■ X) is stable, clearly 
also {-K : B ->T,C- B Mq,i{X, 1)) is stable. 

5. There are some degree conditions implicit in these definitions. The total 
degree of a* Oy, (a) is simply s = 2e — e' where e is the degree of /i : S — > 
and e' is the degree of 5 : E ^ P^ (both degrees with respect to Cpn(1)). So 
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if C is twisting, we have that 2e > e' and if C is very twisting, we have that 
2e > e'. 

6. AdditionaUy, given a twisting family C a point 6 G -B, and a deformation 
of the hne ^f, : S;, — > X which continues to contain h{b), there must be a 
deformation of the whole family C giving rise to the deformation of S;, and 
which does not deform h : B ^ X . In particular, if ft, : i3 — > X is also an 
embedded line, then the map of the surface g X must have degree 1 or 

2 and must deform along with a line which intersects h{B) in a fixed point. 
If X C P" is a hypersurface of low degree d > 1 such that to a general line 
h : B ^ X there is a corresponding twisting family C, (what we refer to as a 
twistable line below), then we must have that ft : S — s- X is an embedding 
of a smooth quadric surface. The condition on such X that a general line 
is twistable is essentially that, given two general intersecting lines B and L 
in X, there is a smooth quadric surface E in X which contains both B and 
L. In a later section we will see that this condition does hold for a general 
hypersurface X C P" of degree d when d^ < n + 1. 

Lemma 4.6. Suppose B = Bi U B2 is a prestable, geometrically connected curve 
of arithmetic genus where Bi and B2 are connected subcurves such that Bi n B2 
is a single node of B. Suppose given : B —> A4o,i(^i 1) such that Cl^i : Bi —> 
A4o,i{X, 1) is twisting for i — 1,2. Then C is twisting. If, in addition, at least one 
of Ci is very twisting, then ^ is very twisting. 



Proof. This is an easy consequence of lemma |2.9| . □ 

Lemma 4.7. Let n : B ^ T be a family of prestable, geometrically connected 
curves of arithmetic genus and let C, : B A1o,i(X, 1) be a morphism. There 
is an open subscheme U twist C T (resp. Untwist C T) with the following property: 
for any morphism of schemes f : T' T , the pullback family /*7r : f* B — > T' and 
f*C, : f*B —> A^o,i(X, 1) is twisting (resp. very twisting) iff f{T') C Utwist (resp. 
f{T') C Uytwist)- 

Proof. By lemma 1] there is an universal open subscheme Ui <Z T over which 
{tt : B ^ T, h : B ^ X) is a family of stable maps. It is clear that U, if it exists, 
must also be contained in the complement of the support of 

R^{Tr..Homo^)ih*nx ^n^,OB), (79) 

and in the complement of the image under tt of the supports of the sheaves: 

(A/'(-a)) , (80) 
coker(7r*7r,cr*Os(CT) ^ CT*Os(cr)) • (81) 

Let U2 denote the complement of these sets in Ui. On U2 all of the conditions 
to be twisting (resp. very twisting) are satisfied except the condition that C*'^cv is 
TT- relatively generated by global sections (resp. tt- relatively deformation ample). So 
we define f/twist to be the complement in U2 of the image under tt of the cokernel 
of the morphism 

7r*7r»(^*Tcv C*Tcv (82) 



And, using lemma 2.7, we define ?7vtwist to be the universal open subscheme of U2 
over which C*'^ev is 7r-relatively deformation ample. It follows immediately from 
the construction that i/twist and i7vtwist have the desired universal properties. □ 
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Definition 4.8. Suppose {n : B ^ T,h : B ^ X) is a family of genus sta- 
ble maps, i.e. a 1-morphism ^ : T — > Mofl{X, e) for some e > 0. We say 
^ : r — > Mq,q{X, e) is twistable (resp. very twistable) if there exists a surjec- 
tive etale niorphism u : T' T and a morphism ^ ■ u*B — > A^o,i(-'^, 1) with 
hQ ~ u*h such that ^ is twisting (resp. very twisting). 



Proposition 4.9. Let £^ ~ {tt : B ^ T,h : B ^ X) be a 1-morphism ^ : T ^ 
A4ofi{X,e). There is an open subscheme Ut-aUe C T (resp Uvt-aUe C T) such 
that for each morphism of schemes f : T' ^ T , the pullback (/*7r : f*B — > T', f*h : 
f*B X) is twistable (resp. very twistable) iff f{T') C Ut-abie (resp. f{T') C 

Uvt-ahle)- 

Proof. It suffices to check that if io G T is a geometric point such that ht^ : iJf,, X 
is twistable (resp. very twistable), then there is an etale neighborhood of to ^ T 
over which ^ is twistable (resp. very twistable). Denote by Co : Bt^ — >• A4o,i(-^, 1) 
the twisting morphism. We consider Alo,i(-'^il) as a projective scheme via the 

Pliicker and Segre embeddings of G(l,n) x P" ^ P 2 1. Let /3 denote the 
degree of the stable map Co- 

Define M — T x MQfi{Mo,iiX,l), 0), i.e. M parametrizes pairs (i, C) where 
t G T is a. point and where ( : B ^ A^o,i(-'^j 1) is a genus stable map of degree 
p. Denote the universal stable map by 

P:B^Mq,o(Mo,i{X,1),P), (83) 
C:B^MoAX,l). (84) 



As in notation 4.S , let p : S — ^ ;B be the pullback by C of the universal curve over 
A^o,i(-'^i 1), let CT : B ^ E be the pullback of the universal section, let g ; S — » X 
be the pullback of the universal map, and let h — g o a. So we have a family of 
prestable maps 

e= {p:B^MQAMoAX,l),fi),h:B^X). (85) 

By ||l|, lemma 1] there is a maximal open substack Ue C A^o,o(A^o,i(-'^, 1), P) over 
which C is stable of degree e. By assumption, (io, Co) is in T x Ue. 

In the last paragraph we constructed a 1-morphism 

{iT^O-TxUe^TxMoAX.e). (86) 

We also saw that (^ojCo) is in the domain of this 1-morphism. The claim is that 
(1^,0 is smooth on a neighborhood of (^oiCo); i-e- that : Ue M.oAX,e) is 
smooth at Co- First we will show that Ue is smooth at Co- The space of first order 
deformations and the obstruction space of Ue at Co are given by 

Ext^s^^(i;.^,Os.J, (87) 

for 1 = 1,2 respectively, where L'^^ is the complex 

-1 

r*o— o ^^^^ 
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Now the induced morphism ■ Bt^ — > X by = ev o also has an associated 
complex L^^: 

-1 



(89) 



There is a morphism of complexes: 



7 : - ^Co (90) 

7° = id : f^B ^ riB (91) 

= Co {diev^) : Co*ev*l]x - Co f^AToa(xa) • (92) 
There is also a morphism of complexes: 

<5 : L;.^ -> Cof^cv[l], (93) 

where : Co^^^^, i{x i) ~^ Co^cv is the puUback of the canonical surjection. And 
the triple: 

ieo — ^ ^Co — ^ Co*f^cv[l] (94) 
is an exact triangle. Thus there is a corresponding long exact sequence of Ext's. 
Condition (2) of definition |4.3| says that Ext]j^ (L^^ ,OBtg) is zero. By condition (4) 
of the definition, Co^ov is generated by global sections. Since Bt^ is connected of 
arithmetic genus 0, we have that H^{Btg, ^Btg) is zero. So for any trivial bundle, 
is zero. Since vanishes on all coherent sheaves, we conclude that for any 
sheaf generated by global sections, is zero. Thus we have that the group 

Ext2(Co*^2ev,OB.J = H\Bt„,n^), (95) 

is also zero. By the long exact sequence, we conclude that Ext]j^ (^Co' ^^ut ) 
zero. So the obstruction group vanishes and Ue is smooth at Co- 

By condition (2) the image point £ A^o,o(-'^i e) is a smooth point of A1o,o(-^: e)- 
Thus to prove that ^ -.Ue ^ A^o,o(-''^, e) is smooth, it suffices to prove that deriva- 
tive map d(^) is surjective on the space of first order deformations. The map 

d{l) : Exfij^^ (L;.„ , Ob,, ) - Ext^^^^ (L^„ , Ob,, ) , (96) 

is precisely the map occurring in the long exact sequence of Ext's from the para- 
graph above. By the long exact sequence, the cokernel of this map is a subgroup 
of H^{Btg, Tcv), and this is zero as we have seen. Therefore ^ is smooth at Co £ Re- 
consider the morphism (1t,C) ■ T ^ T x A^o.o(-'^, e). We can form the fiber 
product M of (1t,C) with the morphism (1t,C) ■ T x Ue ^ T x Mo^oiX,^^)- 
The fiber product M exactly parametrizes triples {t, C, 0) where i e T is a point, 
Q : B ^ A^o.i(-''^: 1) is a point in Ue, and : — > C is an equivalence of objects in 
the groupoid A1o,o(-'^, e)(Spec K{t)). The projection map pri : 7W ^ T is smooth 
at (to I Co) by the last paragraph. So we can find an etale morphism / : M — > 
of a scheme to M. whose image contains (to, Co), and such that M T is smooth. 
Thus there is an etale morphism u : T' ^ T and a section z : T' ~^ M. Define 
C : T' — > Z//e to be the composition pr2 o g o z. 
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We also denote hy C ■ B' ^ Mo,iiX,l) the puUback by C ■ T' ^ U of the 
universal stable map. As ^(C) : B' A^o.o(-'^7e) is equivalent to u*<^ : u*B 
Aiofi{X,e), after replacing T' by an etale, cover, we may suppose that B' — u*B 
as T'-schemes, and ^(C) ~ u*£_. Now the fiber of C : u*B — > Mo^i{X, 1) over any 



preimage of (to, Co) is twisting. So by lemma 4.7, up to replacing T' by a Zariski 
open subscheme, we may suppose that C : u*B — > A4o^i{X, 1) is twisting. Similarly, 
if {to, Co) is very twisting, we may suppose that C is very twisting. So we conclude 
that on the Zariski open subscheme of T which is the image of w : T' ^ T, the 
family ^ : i? ^ M-o^o(X,e) is twistable (resp. very twistable). Since this holds for 
every point to G T where is twistable, the lemma is proved. □ 

Lemma 4.10. Suppose given two families 

= ((tt, ■.B,^T,a,:T^ B,),h, ■.B,^X),i = 1,2. (97) 

such that for each {iii : Bi T,hi : Bi ^ X) is twistable, and such that hi o ai = 
/i2 o cr2- For each t G T, assume that the locus of free lines in X passing through 
hi o ai{t) — h2 o (72 (t) is irreducible. 

Let us denote by 

{n : B ->T,h: B ^ X) (98) 

the family obtained by taking B to be the connected sum of Bi and B2 where the 
section ai is identified with the section a^. Then is a twistable family. Moreover, 
if at least one 0/^1,^2 *s very twistable, then is very twistable. 



Proof. This follows essentially by lemma 4.6. First of all, using proposition 4.9 



suffices to prove the result when T = Spec k for some algebraically closed field k. 
We suppose that we are in this case. 

For each of i = 1,2, let A4i denote the fiber product constructed in the proof of 



proposition [4.9| , i.e. ^Al parametrizes pairs {Q,Oi) where Q : Bi ^ A^o,i(-'^, 1) is a 



twisting family (resp. very twisting family) such that the induced map 

Q^iiB„a,),g,op,: B,^ X) (99) 

is stable, and where 0i : ^ Q is an equivalence of objects. Since each of is 
twistable, we see that each of A4i is nonempty. 



By the proof of proposition 4.9, each of A4i is smooth. By the definition of 



twisting families, for each i = 1, 2 the morphism 

e,:M^^ A7o,i(X, 1), Q (100) 

has image contained in the unobstructed locus of ev : A^o.i(-'^7l) ^ X. Let 
P C A4o.i{X, 1) be the preimage under ev of the point p = /ii(cri) = h-zicr-z). The 
image of is contained in the smooth locus of P. The claim is that : Aii P 
is smooth. By |l^, proposition 1.2.14.2], the obstruction space at a point Ci is 
contained in the cohomology group H-^ {Bi,QTev{—cri)). By the definition of a 



twisting family, C*Tcv is generated by global sections. Thus, by lemma 2.1, the 
cohomology group above is zero. Since the obstruction space vanishes, we conclude 
that Ci is smooth. 
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Since both ei : A4i P and 62 M.2 ^ P are smooth, both have nonempty, 
open image. And P is irreducible by assumption. Therefore the image of ei and 
the image of 62 intersect. If we choose a family (i € Mi and (2 & M2 such 
that ei(Ci) = 62 (C2), then we can glue Ci and C2 to obtain a morphisni C, : B ^ 



Mi)^i{X, 1) such that C|bi = Ci and Clsa = C2- By lemma we conclude that Q 
is twisting. Moreover, if at least one of Ci, * = 1,2 is very twisting, then C, is very 
twisting. And C = ^- This shows that ^ is twistablc, and it is very twistable if at 
least one of ^i, i = 1, 2 is very twistable. □ 

Hypothesis 4.11. Let U C Mo.i{^^ 1) denote the preimage of ?7t-abio C Mf)fi{X, 1) 
under pr. The evaluation morphism ev : U —>■ X has Zariski dense image. 

Definition 4.12. Suppose tt : _B ^ T is a family of prestable, geometrically con- 
nected curves of arithmetic genus 0. A 1-morphism C : _B — > A^o,i(A^, e) is positive 
(resp. very positive) if: 

1. The data {tt : B ^ T,h : B ^ X) is a family of stable maps to X, i.e. a 
1-morphism ^ : T ^ Mo,o{X, e) for some e > 0. 

2. The image of ^ : T ^ A4o,q{X, e) is contained in the very unobstructed locus 

of 7Wo,o(^,e). _ 

3. The image of pr o ^ : T — A^o.o(A", e) is contained in the very unobstructed 
locus of Mo.o{X, e). 

4. The puUback bundle (pr o C)*^7vfo e) ^® 7r-relatively deformation ample. 

5. The puUback line bundle a*Oz,{a') is 7r-relatively generated by global sections 
(resp. TT- relatively ample). 

Remark 4.13. Regarding the definition above: 

1. This definition is very similar to definition 4.3. It differs in that e need not 
equal 1 and that we only require pr o ^ to have image in the very unobstructed 
locus, instead of requiring C to have image in the very unobstructed locus of 
ev. 

2. Consider the case when T — Spec k for some field k, and suppose that B is 
smooth, i.e. B = V^. li C, : B ^ A4o,i(-'^, e) is positive, then the morphism 
pro ( : B ^ Mo,o{X, e) is very free in the sense of Debarre p. 86]. 

Lemma 4.14. Let n : B T be a family of prestable, geometrically connected 
curves of arithmetic genus and let C, : B ^ A^o,i(A', 1) be a l-morphism. There 
is an open subscheme Upos C T (resp. Uy.pos C T) with the following property: for 
any morphism of schemes f : T' T , the puUback family f*TT : f*B — > T' and 
f*( : f*B A^o,i(-'^, 1) is positive (resp. very positive) iff f{T') C Ufree (resp. 



Proof. The proof is almost identical to the proof of lemma 4.7. □ 



Lemma 4.15. Suppose that T — Spec k is a point and Q : B ^ M-^ i^X^e) is a 
positive 1-morphism whose image is contained in the locus of very stable maps. 
1. If B is smooth, then : B A4o^i(X, e) is free in the sense of Kolldr [|o[ 
definition II. 3. 11]. If is very positive, then ^ is very free. 
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2. In any case, the 1-morphism is unobstructed in the sense of Kolldr [ |To| , def- 
inition 1.2.6]; in particular it is the specialization of a positive 1-morphism 
(ri '■ Brj —>■ A4o^i{X, e) with geometrically connected and smooth, and 
whose image is contained in the locus of very stable maps. 

Proof. Suppose that the image of C hes in the locus of very stable maps. By the 



relative version of lemma 3.9, we have that the image of ( is in the smooth locus 
of A4o,i{X, e). And we have a short exact sequence: 

. a*0^ia) > C*r^,,(x.e) > (pr°C)*%f„„(x,e) > « 

(101) 

By condition (4) of definition [4.12| , (pr ° C)*^a1o o(-f e) deformation ample. And 
by condition (5) of definition |4.12| , a*0^{a) is generated by global sections (resp. 
deformation ample). Therefore C*'^'Mg ^(jf e) generated by global sections. And 
if ^ is very positive, then C*^a7o lix e) deformation ample by (2) of lemma 2 



So if B is smooth, then ( is free, and it is very free if C is very positive. This proves 



Since C*^:mo i(x e) generated by global sections, by lemma 2.1, H^{B, CT-j^^ g^) 
is zero. Therefore C, is unobstructed in the sense of KoUar. Now let tt : B — > Spec R 
be a smoothing oi B, i.e. a flat family of proper, geometrically connected, prestable 
curves of arithmetic genus over a DVR such that the special fiber is isomorphic 
to B and such that the general fiber is smooth. By |l^, theorem 1.2.10], the 
projection of the relative Hom-scheme, 

Homspcc r{B, Spec R x JAq.i^X, e)) ^ Spec R, (102) 

is smooth at [Q. Therefore, after making some finite, flat base change Spec R' 
Spec R we may suppose that C, is the specialization of a 1-morphism C,r : B ^ 



M.Q^i{X,e). By lemma 4.14, we have that (^b. is positive, in particular : i?,, — > 
M.Q^i{X,e) is positive. Since the locus of very stable maps in M.Q^i{X,e) is open, 
we conclude that the image of C,r is contained in this locus. □ 

Now we come to the main notion of this section. 

Definition 4.16. Suppose tt : _B ^ T is a family of prestable, geometrically con- 
nected curves of arithmetic genus 0. An inducting pair of degree e is a pair 

{Ci : B ^Mo,i{X,l)X^: B ^MoAX,e)) , (103) 

such that: 

1. Ci is very twisting, 

2. Ce is very positive and the image of C,^ is contained in the locus of very stable 
maps, and 

3. the two morphisms /i^^ : B ^ X and h-^ : B ^ X are equal. 

Lemma 4.17. Let n : B T be a family of prestable, geometrically connected 
curves of arithmetic genus 0, and let 

{(i : B ^Mo.j{X,l),Ce ■■ B ^Mo.i{X,e)) , (104) 

be a pair of 1-morphisms such that /i^^ ~ h-^ . Then there is an open subscheme 
Uinduct C T with the following property: for any morphism of schemes f : T' T , 
the pullback o/(Ci,Cg) is inducting iff f(T') C U. 



24 



J. HARRIS AND J. STARR 



Proof. We just define [/induct to be the intersection of the open subset C/vtwist C T 
as in lemma 4.7 for Ci and the open subset Uv-pos C T as in lemma 4.14 for Ce- CH 



We finally come to our last definition. 

Definition 4.18. Suppose {n : B ^ TXe ■ B ^ Mo,i{X,e)) is a very positive 
family whose image is contained in the locus of very stable maps. We say is 
ineluctable if there is a surjective etale morphism u : T' T and a morphism 
Ci : u*B M.o,i{X, 1) with h(^^ — u*h-^ such that (Ci, C^) is an inducting pair. 

Lemma 4.19. Let {ir : B ^ T,(e ■ B A^o,i(-'^7 e)) be a very free family. 
There is an open subscheme Ui-abie C T such that for each morphism of schemes 
f -.T' -^T, the pullback (/*7r : f*B T' , /*Ce : f*B Mq i{X, e)) is ineluctable 

lfffiT')cU,-able- 



Proof. We simply apply proposition 4.9 



to 

^ := {tt : B ->T,h^ : B ^ X). (105) 

□ 

5. The induction argument 

In this section we will show that given an inductable 1-morphism C,^ : B ^ 
M.Q^\{X, e), this gives rise to an inductable 1-morphism Q^^i : B M.o,i{X, e + 1). 
The basic idea is, given an inducting pair (Ci, Ce+i) form the family of connected 
sums. This isn't quite an inductable 1-morphism, but after deforming and then per- 
forming a simple operation which we call a modification, we do obtain an inductable 
1-morphism Ce+i- 

Notation 5.1. We will follow in our notation of the tautological divisors on 
A7o,i(P^, e). Specifically, in A^{Mo,i{^^ , e))Q we denote by A(ei,e2) the Q-divisor 
whose general point parametrizes a reducible embedded curve with one irreducible 
component of degree ei, one irreducible component of degree 62 and where the 
marked point is on the first irreducible component. We denote by £ the divisor 
class ev*Opjv(l). And we denote by TL the divisor which parametrizes stable maps 
whose image in P*" intersects a given codimension 2 linear space. Given a closed 
subscheme X C P^, we also denote by Ajg^ g^)! ^-^d Ti. the puUbacks of the 
divisors given above by the induced 1-morphism Mq^\{X, e) A^o,i(IP^, e). 



Before proceeding to the main result of this section, we describe an operation 
which we will perform repeatedly in the proof. Suppose that C : _B — > fAg^r{X, e) is 



a family of stable maps as in notation 4^. Suppose 6 e _B is a point whose image 
C(&) is a stable map 

((Sfc,pi, . . . ,Pr),5fc : ^ X). (106) 

Suppose that L C Sb is an irreducible component which is not contracted by 
and Pi € L is one of the marked points. For simplicity assume that L contains no 
nodes, in particular this is the case when L has genus 0. Let M C E;, denote all the 
irreducible components of Ej, other than L. Let R = (ri, . . . ,r;) denote the set of 
intersection points of L and M with some ordering. Let D = (pj-^ , ■ • ■ , Pjr„ ) denote 
the set of marked points which lie on L other than pi and let E — {pki, ■ • ■ ,Pfe„) 
denote the set of marked points which lie on M . 
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Form the product surface L x L with diagonal A : L ^ L x L and let ?i : A ^ i 
denote the blowing up of L x L along the set of points A{R U D). For each point 
p € RD D, let Fp c A be the proper transform of i x {p}. Let Fp. denote the 
proper transform of the diagonal A(L) C L x L. Consider pri o u : A — »■ i as a 
family of prestable curves parametrized by L. Then the data 

Ca = (Pn ° u : A ^ L, {(Jp^,ap\p G i? U Dj), (107) 

where ap : L Fp is the unique isomorphism such that pri o cTp is the identity, 
gives a family of prestable marked curves parametrizing by L, it is essentially the 
constant family L x [L, {pi} L) RU D) — > L except that we are allowing pi to vary 
among all points in L and then blowing up to obtain a stable family. 

Next we form the constant family of prestable marked curves parametrized by 

L: 

Clxm = {wi-LxM^L,{sp\p€RUE) (108) 

where Sp : L ^ LxM is simply Sp{t) = {t,p). We can glue Ca and Clxm as follows. 
For each p £ R, we identify the section ap of with the section Sp of Clxm- Here 
the identification is the unique one compatible with projection to L. Let us denote 
the new family of prestable marked curves by 

(p : n ^ L, (</.,• :L^U\j = l,...,r) (109) 

where 11 is the surface obtained by gluing A and L x M as above, and where 

\ Spj ,Pj€M 

Notice that there is a unique morphism pr2 : 11 ^ Sf, whose restriction to A is 
pr2 o u : A — » L C Sfc and whose restriction to L x M is pr2 : L x M — » M C S^. 
We form a family of stable maps parametrized by L, 

Cn = iip-.U^ L,cj)i,...,^r),9bOW2:U^X). (Ill) 

Notice that the family is stable, and if we remove the section and stabilize, 
we just get the constant family parametrized by L whose image is the stabilization 
of ({b) upon removing pi. Also, the image Cn{Pi) is precisely ({b). Let B he 
the connected sum of B and L where b G B is identified with pi E L. Since 
Cn(ft) = C(^)) we may form a 1-morphism ( : B ^ Mg,r{X, e) such that C restricted 
to B is C, and C restricted to L is Cn- 

Notation 5.2. Given a 1-morphism ( : B ^ Alg,r(Ar, e), a point 6 G .B, an 
irreducible component L C T,b, and a marked point Pi € L as above, we call the 
1-morphism C, : B Mg^r{X, e) constructed in the last paragraph the modification 
of C determined by 6 G S, by i and by pi. 

Lemma 5.3. Suppose given a 1-morphism ^ : B ^ A4o,r{X,e), a point b G B, 
an irreducible component L C Sfc which is not contracted, and a marked point 
Pi & L such that when we remove pi, the resulting stable map is a smooth point of 



(110) 
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A^o,r-i(^, e) (this condition is equivalent to the condition that the image of is 
contained in the smooth locus of Mo^riX, e)). Then we have the vanishing 

{LXuTMoAx,e)) = 0- (112) 

In particular, if C, : B ^ JV[q ,^[X, e) is a free morphism of a rational curve into the 
smooth locus, then there are deformations of C. : B Mo^riX^ e) which smooth the 
node of B . 

Proof. This is an appHcation of the deformation theory of section ^. Let r denote 
the dual graph of C(5) and let ■(/; : r — > r' be the combinatorial morphism of graphs 
which removes the tail associated to pi. The morphism A4{X,ip) : Ai{X,T) 
M{X, t') is smooth along the image of Qu and the puUback of the vertical tangent 
bundle is simply T^. So Cn?^AT(x r) generated by global sections. The puUback 
of the normal sheaf TV of M{X, r) M^^riX, e) is the direct sum over all rj € R 
of Np.jf^ (g)c Tr-M. As the normal bundle of Np.f/^ is just C'l(— 1), we conclude 
that H^{L,JV) = 0. We have a short exact sequence: 

. C;i%f(;,^,) > Cn%To,.(x.e) ^ ^ (113) 

In the corresponding long exact sequence of cohomology, of the first and third 
terms vanishes. Therefore we have the vanishing result. 

Suppose that C : i? — > A4o^r{X, e) is a free 1-morphism of a rational curve into 
the smooth locus of Mo^r{X, e). Then CTj^^ AXe) generated by global sections, 
so H^{B, C*?XTo r{x e)(~^)) ^•^''O by lemma ^j] We have a short exact sequence: 

. , Cr^„,(X,e) > CuTMoAX,e) ^ 

(114) 

In the corresponding long exact sequence of cohomology, of the first and third 
terms vanishes. Therefore H^{B,(*Tj^^ {x e)) vanishes. This cohomology group 

is the obstruction to smoothing the node, therefore there are deformations of ^ : 
B A4o^r{X, e) which smooth the node of B. □ 

Remark 5.4. In case the line bundle a*0-s{cr) is generated by global sections and 
L contains only one node of Tib, we have a simpler proof of the deformation result. 
We have a short exact sequence of sheaves on S: 

> Oj:ia) > O^ia + L) > N^/M > (115) 

Since L contains only one node, Ni^/y^ = C'l(— 1), so the last term is isomorphic to 
Ol- So Oy,{cr + L) is generated by global sections. A small deformation a' of cr + L 
in the linear series |(t + L| will be a section of tt : S — > _B, and the stabilization of 
the 1-morphism B —t Ado_r{X, e) which removes the section a from C, and replaces 
it by a' will be a small deformation of C, which smooths the node of B. 

Now we come to the main theorem of this section, which we use for the induction 
step in the proof of theorem Ol 
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Theorem 5.5. Suppose that X satisfies hypothesis l.i, hypothesis hypothe- 
sis 1.4, and hypothesis ^.11. For each integer e > 1, if there exists an ineluctable 
map Ce : — * ■Ma^i{X, e) , then there exists an inductable map '■ B^+i 

Mo^i{X,e + l). 

More precisely, suppose that (Ci,Ce) ^""^ inducting pair. Let us denote: 

s = deg{Cir[2C-n), (116) 
-s = deg{C,r{2C-n) (117) 

—k 

Then for each k = l,...,s, there is an inducting pair (CiiCe+i) satisfying the 
following. 

1. We have 

deg {[^tyn] = deg {QH) + 2k. (118) 
degdeiTC) = deg(^{t+,rc) = degiC:C) + k. (119) 



2. We have 



3. We have 

deg {ite+iTn) - deg {CH) + deg ((Ih) . (120) 

4. For each ei + e2 — e with both ei, 62 > 2, we have 

deg ((Ce+i)* A(ei+i,e2)) = deg (cl\eue2)) ■ (121) 

5. If e > 1, we have 

deg ((?'+i)*A(,,i)) = deg (c>(e-i,i)) +s + k, (122) 
and we have 

de3((t+i)*A(i,,)) =s-fc. (123) 

6. If e ^ 1, we have 

deff ((?')* A(i,i)) -,s + 5. (124) 

Proof. By lemma 4.15 and lemma 4.19| , we may suppose that Be is smooth. More- 
over, in this case C,^ '■ -^e ^ .^0,1 (-^^,6) is free (in fact very free). Therefore, 
we may suppose that C,^[Be) is in general position: for any finite collection of 
codimension 2 subvarieties {Za\a = 1, . . . ,M) and any finite collection of divisors 
(D/jI/? = 1, . . . , -/V), we may suppose that C,^{Be) is disjoint from each Za and has 
0-dimensional intersection with each Dp. 

Let us denote the family of stable maps Cg by: 

(p:S^B,CT:B^S,g:S^X). (125) 
And let us denote the family of stable maps Ci by 

(p:i;^B,cr:B^E,g:S^X). (126) 

The basic idea is to form the connected sum of the surfaces S and E glued along 
the sections a and a. The actual family Ce+i is a bit more complicated. 
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Define tt' : E' ^ _B to be the family of curves obtained by taking the connected 
sum of S and S glued along the sections <j and ct. Here tt' is the unique morphism 



such that tt'Ie 
such that g'jj] 



TT and tt'Iu = TT. Define g' : S' — ^ X to be the unique morphism 



g and g'\^ ^ g. Then C' = (tt' : S' ^ B,^' 



E' ^ X) is a 
1). Moreover, 



family of stable maps in the boundary divisor A^^i of Mo,o{X,e 
C clearly factors through the Behrend-Manin stack M {X, t) ^ X where r is the 
genus stable A-graph with two vertices wi,W2 with P{vi) = 1 and /3(w2) = e. By 
lemma ^.11 , we have a short exact sequence: 







{crT- 



M{X,t) 



CeT- 



Mo,i{X.e) 



(127) 



Since Ci is very twisting, by definition 4.4 we have that QT^v is ample. Since Cg 

I 1 — * 

is very positive, by lemma [4.15| , we have that Cc^aTo i(x e) ample. Therefore 

{C')*Tj^f^x t) ample. By lemma B.12, we have a short exact sequence: 



- (C')*r^(x..) - (C')*rM„,o(x.e+i) - '^^^sCa) ® -> o (i28) 



By definition \i.4\ and definition [4.12| , we have that both a*0-s{cr) and o'*C'jj(cr) are 
ample. Therefore their tensor product is ample, and we conclude that (C')*^aTo a{x e+i) 
is ample. 



Denote by s the self-intersection of cr C S, i.e. the degree of the invertible sheaf 
ct*C'jj(ct). Notice that we have 



deg (2C: 



(129) 



Let <t' : B ^ he a general member of the linear series of \a\. Since a*0^{(j) is 
generated by global sections, we can find such a a' which has transverse intersections 
with W at points pi, . . . ,ps € S. Define & : E ^ E to be the blowing up of E at the 
points pi, . . . , Ps- Let tt : E — > E denote the projection nob. Let g denote gob. Let 
: i? — !■ E and cr : _B — > E denote the proper transforms of ct and a' respectively. 
Notice that W and cf are disjoint sections. So the data 



B,a,a] J -.Y. 



X 



(130) 



is a family of stable pointed maps, i.e. a 1-morphism : B M.q 2{X^ e). By the 
deformation theory in subsection 3.1, we have a short exact sequence: 







T- 



(131) 



Of course we have that {cr)*0^{a) is the trivial invertible sheaf Ob. In particular, 



we have that 



(!.)■ 



T- 



A1o,2(X,e) 



is generated by global sections. 



Define tt : E ^ to be the family of curves obtained by taking the connected 

sum of E and E glued along the sections a and t respectively. Here tt is the unique 

7f and Trjs — n. Define g : E — > X to be the unique 

E to be the 



morphism such that 7r|^ 



morphism such that g\^ = g and such that g\s = g. Define a : B 
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section from the last paragraph. This gives a family of stable maps: 

C = ((^ :I] ^ B,a : B ^i:) ,g -.T. ^ x) . (132) 



Define r to be the unique genus stable ^-graph with two vertices vi,V2, with 
one edge joining vi and V2, with one flag attached to vi, with f3{vi) = e, and with 
f}{v2) = 1. In other words, r is the dual graph of a stable map with one marked 
point, with reducible domain consisting of two irreducible components, where the 
component with the marked point has degree e and where the other component has 
degree 1. Then ( : B ^ M-q,i{X, e + 1) is a l-morphism which factors through the 



Behrend-Manin stack M{X, r) Mo,i{X, e + 1). By lemma 3.11, we have a short 
exact sequence: 







~- Cr^e. > (C)*?XT(X..) > (Ce)*7xTo,.(X,e) > (133) 

As the first and third term in this exact sequence are generated by global sections, 
also '^M{x j) generated by global sections. Finally, by lemma 3.12 we have 
a short exact sequence: 

- (C)*%f(x.) - (C)*r^„,,(x,e+i) - ^*0^{a) {^yO^i^) ^ (134) 

Of course ^ct^ 0^{a) is the trivial invertible sheaf. And (t*0^{(t) is just Ob{s). 
Thus the last term in the sequence is an ample invertible sheaf. In particular, 
(^) '^Mo lix e+i) generated by global sections. So the l-morphism ( : B ^ 

A4o,i{X, e + 1) is free. Also, the pullback by C of the normal sheaf of the unramified 
l-morphism, M{X,t) Mo,i{X,e + 1) is the last term in the sequence, and so 
has positive degree. 

One final remark, when e > 1, the image of (. intersects the divisor Ai^e trans- 
versely precisely at the images of the points pi, . . . ,ps ^ B, in particular the degree 
of the Q-Cartier divisor class a*Oj^^ ^^^^ ^^-^^{Ai^e) is positive. In the special case 

e = 1, we have that Ai e = Ag i = Ai j. In this case A4{X,t) is the normal- 
ization of Ai^i (at least in a neighborhood of the image of a). So the degree of 
a-*Oj^_ g_|_^j(Ai,i) is the sum of the degree of the pullback of the normal sheaf 

of J\4{X, t) — > M.o^i{X, e -I- 1) and the divisor pi + ■ ■ ■ + pw, i-S. s +1. So in this 
case, the degree is again positive. 

Since ( : B A4o^i{X, e + 1) is free we can find deformations of C which are 



in general position. Now by hypothesis 1.2, the locus parametrizing stable maps 



with at least three irreducible components in their domain has codimension 2. By 



hypothesis 1.4 the locus parametrizing stable maps with automorphisms has codi- 
mension at least 2. Therefore we can find a deformation ^g,,,]^ : B A4q,i{X, e + 1) 

of C such that the image of : B A4o^i{X, e -I- 1) misses the locus parametriz- 
ing stable maps with at least three irreducible components in their domain and 
misses the locus parametrizing stable maps with automorphisms. As well, we 
can assume that the pullback of T-pj^ ^^^^ e+i) P'' ° ^e+i '■ ^ ^ M^o.oi^^ e -f 1) 
is an ample vector bundle since the pullback of ^^^^(Xe+i) P'' ° Cj i-^- by 
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_0 

C,' : B ^ AAQfi{X, e + 1), is an ample bundle. Let us denote ^^.j^i by 

= : S° ^ A° : i? - S°) ,5° : - B) . (135) 

Define /i*^ : i? — > X to be o A". By assumption, h : B ^ X i s very twistable, and 
: B X is a small deformation of h. So by proposition 4.9, /i" is very twistable. 

Since a*0^{d-) is trivial, we may also assume that (A")*Oho(A°) is trivial. Fi- 
nally, we may assume that all intersections of the image of ^^^i and the divisor 
Ai e are transverse and occur at general points of Ai ^. In particular, if 6 G B is 

such a point, we may assume that the corresponding stable map ^e+i(6) is of the 
form ((Sg, Ag), : X) where SjJ is a reducible curve L U M, with L n M 

consisting of one node of which is a general point of X , with A° G L, and such 
that L X is an embedding of a line which is twistable. 

^ -0 
Now we define ^g^j^ to be the modification of ^^^^ associated to the point b £ B, 

to L C and A° S L (c.f. notation j^). We saw above that h'^ : B X is 
very twistable. And the evaluation map Hl : L ^ X associated to the restriction 

^g+i : L Mo.i{X,e + 1) is just the embedding L C X, which is twistable. By 

hypothesis 1.3 and the assumption that L n M is a general point of X, we see that 

the hypotheses of lemma 4.1C are satisfied. So by lemma 4.10 we have that the 

_ _ ~o 

evaluation map h : B —> X associated to ^^^i is also very twistable. Also, notice 

that the image of is contained in the locus of very stable maps. 



The 1-morphism satifies the criterion of lemma 5.3, in fact the criterion of 
remark 5.4, thus we can smooth the node of B. Let : B — > denote a small 
deformation which smooths the node of B. We will denote this by 

t+i = {{^' ■.E^-.B,a':B^E^),g^:E^~.X). (136) 

The claim is that is inductable. Denote = oa^. Since h is very twistable 

and since is a small deformation of h, it follows by proposition 4.9 that is 

■ — 

very twistable. Now the image of ^e+i ^i'^^ contained in the locus of very stable 
maps, precisely because of the point r E L where L Ci M = {r}: the stable map 

Ce+i(^) is i^ot very stable. But from the description of the smoothing oi S^^^i given 
in remark 5.4, we can find small deformations whose image is contained in the very 
stable locus. So we may assume the image of is contained in the locus of very 
stable maps. It remains only to show that is positive. 

That : B ^ T is a. stable map follows from the fact that B is smooth and 
is non-constant: in fact the degree of h^{B) equals the degree of h{B), which is 
just deg{h{B)) + 1. This proves (1) of definition [4.12[ To show that : B X is 
unobstructed, it suffices to prove that h : B ^ X is unobstructed. By assumption, 
: B ~> X is unobstructed (being a small deformation oi h : B ^ X). And the 
restriction to L of Tx is generated by global sections (since L is general). Thus 
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h : B ^ X is unobstructed. This proves (2) of definition 4.12. The map 

Wot,+^:B^Mo,oiX,e) (137) 

is constant on L C B, and onB C B, it is just C'. Thus the image is contained in the 
unobstructed locus. So we have (3) of definition 4.12. The puUback of Tj^^ 

to B is trivial on L and equals (C')*^a<o o(x e) ^- Since (C')*^a<o a{x e) ample, 

we conclude from lemma |2.9| that the puUback to B of T-j^^^ .^^^ is deformation 

-1 . . =° 

ample. Since is a small deformation of 5,^+17 the puUback of rvroo(Xe) 

^g_i_]^ is deformation ample by lemma 2.7. This proves (4) of definiton 4.12 . Now 

~o _ ~ 

for Ce+iJ the puUback of (j*Of^{(T) is trivial when restricted to B C B, but on 

L C -B it is Ol{1). So by lemma 2.9, it is deformation ample. Since Ce+i is a 
small deformation of by lemma 2.7 we have that {(j^)*0^i{(j^) is deformation 
ample. So is positive. Therefore it is inductable. 

To define the 1-morphisms : B A4o_i{X, e + 1) we repeat the procedure 

above. Given and a point b £ B whose image is a general point of ^(i.e), say 
(S^, A^,5^ -.E^^X) with = L U M, e L and 5^ : L ^ X an embedding 
of a twistable line, we define B*"' to be the connected sum of B and L with b £ B 
identified with A^' G L. Then we define 

t+i :B^-^A7o,i(^,e + l) (138) 

to be the modification of ^'l^i associated to 6 £ S, L C and A^' G L. By the 
same argument as above, deformations of £,^_f_i smooth the node of B'' , and a small 

—k+l 

deformation of i^g+i is inductable. 

It is quite simple to work out the degrees of the puUbacks by of the tau- 
tological divisors of A4o,i(F^, e + 1) in terms of the degrees of the puUbacks by (i 
and Ce of the tautological divisors. This is left to the interested reader. □ 

6. Twistable lines 

In this section, we will prove that if rt + 1 > , then for a general hypersurface 
Xd C P" of degree d and a general line L C X, we have that L is a twistable line on 
X. To prove this we introduce some incidence correspondences. Let Nd = ("^'') ^ 1 
and let P^"* denote the projective space parametrizing hypersurfaces Xd C P" of 
degree d. Let X C P^'' x P" denote the universal family of degree d hypersurfaces 
in P". Let G(l,n) denote the Grassmannian variety of lines in P". Let F{X) C 
P^'' X G(l,7i) denote the parameter space of pairs {[X], [L]) where X C P" is a 
hypersurface of degree d, L C P" is a line and L C X. Observe that the projection 
F{X) — > G(l, d) is a projective bundle of relative dimension Nd — (d + 1). 

Let P{t) — (t + 1)^ denote the Hilbert polynomial of a quadric surface in P'^, and 
let U c Hilb^'-^^r') denote the open subscheme parametrizing subschemes E C P" 
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which are projectively equivalent to a smooth, quadric surface in c P". Let 
V C U X G(l,n) denote the parameter space of pairs ([E], [L]) where E C P" is a 
smooth quadric surface, where L C P" is a hne, and where L CT,. The projection 
map V ^ U has a Stein factorization V ^ U ^ U where C/ — > f7 is a finite, etale 
double cover, and where V ^ U is a P-'^-bundle. Let W C P^"* xU x G(l, n) denote 
the parameter space of triples ([X], [E], [X]) where X C P" is a hypersurface of 
degree d, ([S], [L]) is a point of V and where E c X. The projection map W ^ V 
is a projective bundle of relative dimension N^ — {d+ 1)^. 

Now for a triple {[X], [E], [L]) e W, there is a map (well-defined up to nonzero 

scalar) dx ■ C"'^^ H"(P", Opn (d — 1)) which evaluates the partial derivatives 
of a defining equation of X. We may compose this map with the restriction map 
iJ°(P", Opn{d)) i7°(E, O^id - 1)). Let this map be denoted by rfx.s : C"+i ^ 
-ff°(E, Oj:(d — 1)). More precisely, let E be the trivial vector bundle on W of rank 
n+1, let G be the vector bundle on U whose fiber at a point E is just -ff°(E, 0^{d — 
1)), and let F be the vector bundle on W which is pr*(OpNrf (l))(8)pr2G. Then there 
is a map of vector bundles d : E ^ F whose fiber over {[X], [E], [L]) is the map 
dx,s constructed above. Let W° C W denote the open subscheme (possibly empty) 
over which d is surjective (i.e. the complement of the support of the cokernel of d). 

Lemma 6.1. For any point {[X], [E], [L]) G W°, we have 

1. X is smooth along E, 

2. H' (E, iVs/x) is zero for i > 0, 

3. W (E,iVs/x(-i)) «s zero for i > 0, 

4. F» (E, N^/x ® 0^{-l)) IS zero for i > 0, 

5. {L,Nl/x) is zero, 

6. {L,Nl/x{~1)) is zero, 

7. the projection morphism W P^"^ given by {[X], [E], [L]) i-^ [X] is smooth 
at{[X],[E],[L]), 

8. the projection morphism F{X) F^<^ given by {[X], [L]) i— > [X] is smooth at 

{[X],[L]), and 

9. the projection morphism tt : W ^ given by {[X], [E], [L]) {[X], [L]) 
is smooth at {[X], [E], [L]). 

Proo f Since the partial derivatives of a defining equation of X generate i?" (E, Os (d— 
1)), in particular the locus where they all vanish is disjoint from E. By the Jacobian 
criterion, we conclude that X is smooth along E. 

For a smooth quadric surface E C P'^ C P", we have a short exact sequence: 

> A/'e/p3 > Nj:/pn > iVp3/p^|s > (139) 

Since N^/p3 = Oe(2) and since A'ps/pnls = Oj:{l)®^"'~^\ we have a short exact 
sequence: 

> Oe(2) > N^/rn > Os(1)®("^'^ ^ (140) 

From this it is easy to compute that W (E, Ny^/t^), (E, N-^/pn (g) Oj:{—l)) and 
W (E, iVE/p„ «) Os{-L)) are ah zero for i > 0. 
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There is a short exact sequence: 

> N^/x ' Nj:/pn > Nx/Fn\j: > (141) 

Of course Nx/r"\i: — Cs(c?), and for £ = Os, for £ = 0^{—L), and for £ = 
Os(-l)- we compute that (Y,, 0^{d) ® £) is zero for i > 0. The bundle iVs/P" 
was computed in the last paragraph. For the line bundles £ = Os, £ = Ce(— L) 
and £ = Oj:{—l), we computed that Nj^j-pn ®£) is zero for i > 0. It immedi- 

ately follows from the long exact sequence in cohomology that (S, N-^/x ® ^) 
is zero. We also conclude that A^e/x ® ^) is zero iff the corresponding map 

H%J:,Ns/p^^£) ^ H°{J:,Nx/M (142) 

is surjective. 

In the case that £ — Oj:{—l), the map from the last paragraph factors the map 

i7°(P",Tp.(-l)) ^ iJ"(S,CE(d- 1)). (143) 

But this map is precisely the map dx,T, ■ C"+^ H°{^, 0-s{d — 1)). Since dx,'s is 
surjective, we conclude that H^{T,,N^/x Oe(— 1)) is zero. 

To see that H^{T,,N^/x «) Ot,{-L)) is zero, observe that we have Oe(1) = 
Oj:{L + L') where L' C S is any line in the ruling opposite to the ruling of L. Thus 
we have a commutative diagram: 

if°(S,7VE/P"(-l))®c-ff°(S,OE(i')) ' H\^,N^/rn{-L) 

H\^,Nx/M-l))®cH\^,0^{L')) > H\i:,Nx/M-L)) 

The top vertical horizontal arrow is surjective by the last paragraph. Moreover, the 
right vertical arrow is 

(E, Oe {{d - l)L +{d- l)L')) ® H° (S, 0^{L')) 

-^H°{T.,0^{{d-l)L + dL')), ^'^^^ 

which is clearly surjective. Therefore we conclude that the bottom horizontal arrow 
is also surjective, i.e. i?^(E, iVs/x(— -^)) is zero. The proof that H^{'E,, N-^/x) is 
zero is almost identical to the proof that -ff^(S, N^/x{^L) is zero and is left to the 
reader. 

To see that (^L, Nl/x{—^)) is zero, first observe we have a short exact se- 
quence: 

. iVj:/x(-l) > N^/x{-L') y N^/x\l{-~1) > (146) 

By our computations and the long exact sequence in cohomology, wc conclude that 
{L: Ny,/ x\l{^^)') is zero. Next observe that we have a short exact sequence: 

> Nl/y(-1) . Nl/x{-1) > As/x|l(-1) ^ (147) 

Of course A^l/s = Ol(1), so (i, A^l/e(— 1)) is zero. And we have seen that 
{L,Nj^/x\l{—'^)) is zero. Therefore by the long exact sequence in cohomology, 
we conclude that [L, N]^/x{—^)) is zero. By an almost identical argument, we 
also conclude that (^L,Ni^/x) is zero. 
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Now by 1 10, proposition 1.2.14.2], the obstruction space for the relative Hilbert 
scheme Hil^^^X /F^'') at a point {[X], [E]) is contained in H^{11,Ny./x)- Since 
the obstruction space vanishes, it follows by theorem 2.10] that Hilh^^*^ {X /f^'') - 
P^"* is smooth at {[X], [S]). As we have seen W -> Hilb^^^^X /F^'') is smooth. 
Therefore the composition W P^'' is smooth along W°. 

For basically the same reason as above, we conclude that the projection map 
F{X) -> P^"* is smooth along the image of n : W° ^ F{X). Since W P^" is 
smooth, and since F{X) P^"* is smooth along the image of W°, to prove that tt 
is smooth along W°, it suffices to check that the derivative map di: : T-^o j-pN^ —> 
''^*T^F{x)/¥"d is surjective at every point. This exactly reduces to the statement that 
(E,iVg/x) ~* H'^ {L, N^/x\l) is surjective. Since the cokernel is contained in 
(T,, Nj2/x{~I^)) J which is zero, we conclude the map is surjective. Therefore 
TT -.W ^ F{X) is smooth. □ 

Now suppose that {[X], [S], [L]) is a point in W°. We associate to this triple 
a morphism ( : L ^ M.o^i{X, 1) as follows. Let a : L ^ S be the inclusion and 
let pr^ : S — > L be the unique projection such that cr is a section of pr^. Let 
g : ^ X he the inclusion. Then we have a morphism ( : L Mo^i{X, 1) given 
by the data: 

C=(prL:S^i,fT;L^E,5:S^X). (148) 

Lemma 6.2. // {[X], [S], [L]) is a triple in W° and if X is smooth, then the cor- 
responding morphism C, : L ^ J\Aii,i{X, 1) is flexible. 



Proof. We need to check the axioms of definition 4.3. Since 5 o cr : L ^ X is an 



embedding, in particular this map is stable, i.e. axiom (1) is satisfied. By part (5) 



of lemma 6.1, we conclude that fv\Qfi{X, 1) is unobstructed at [g o a : L ^ X], i.e. 



axiom (2) is satisfied. 

To check axiom (3), consider the normal bundle TV of the regular embedding 
(priiS) : S ^ i X X. This fits into a short exact sequence: 

> wITl > M > N-s/x > (149) 



By part (3) of remark L£ , we need to check that (pi'l), Af{—a) is zero. It is clear 
that for each fiber L' of pr^ : S ^ L, we have that Af{~a)\L' is just TVl'/x(~1)- 



By part (6) of lemma O, we conclude that (^L' , Nj^i /x{~f)) is zero. Therefore 



we conclude that {piL)^M{—a) is zero. 

By part (3) of remark |4!5| , we have that C*Tcv is equivalent to (pr^)^ A/'(— ct). 
Twisting the short exact sequence above by Os{~L) and applying the long exact se- 
quence of higher direct images, we see that (pr^)^ A/'(— cr) fits between (pr^)^ pr*^TL{—L) 
and (prL), N^/x{^L) with cokernel R^ (pi'l)^, W*l^l{~L). For any fiber L' of pr^, 
we have Tl{—L)\l' is isomorphic to Ol'{~1)- Therefore (pri)_^ pr2rL(— 1) and 

(p^l)* Pt^l'^l{-L) are both zero, i.e. (pr^), A/'(-L) is isomorphic to (pr^)^ Ny,/x{-L)- 

To show that axiom (4) holds, we want to prove that for any point p' £ L with 
corresponding fiber L' = pr£^ {p'}, we have that (pr^)^ N^/x{—L) Ol{~p') has 
noiJ^ Observe that since R^ {])Vl)^W*lTl{-L- L') and R^ {wl)^M{-L- L') are 
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both zero, it follows from the long exact sequence of higher direct images that also 
{wl)^ Ny./x {—L — L') is zero. Therefore by the Leray spectral sequence, we con- 
clude that (S,7Vs/x(-i - L')) equals (L, (pr^)^ {N^/x{-L)) {-p')). But 
by part (4) of lemma this is zero. Thus axiom (4) is satisfied. 

Finally, observe that a*0^{(j) is the trivial line bundle, so axiom (5) is satisfied. 

□ 



By lemma |6.2| , for any pair {[X], [L]) e F{X), if we can find a corresponding 
triple {[X], [E], [L]) £ W°, then it follows that L is a twistable line on X. Now we 
come to the main result of this section. 

Proposition 6.3. If n + 1 > cP and d > 2, then W° F(X) is dominant. Thus 
for a general pair {[X], [L]) G F{X), we have that L is a twistable line on X. 



Proof. By part (9) of lemma 6.1, it suffices to prove that W° is nonempty. Let 
Id be the set of pairs of integers Id = : < i,j < d — l,i + j > 2}. 

Choose coordinates on P" of the form (10,^17^2,^3) U (Xij) ^. .-^^j^ U {Z^ : m ~ 
l,...,n-|-l — d^). Let E C P" be the smooth quadric surface with ideal 

/S = (^0^3 - Y1Y2) + {X^j I ii,j) e Id) + {Z,n\m = 1, . . . , 71 + 1 - ^2). (150) 

This is the image of the embedding / : P^ x P^ ^ P" given by sending a point 

{[Uo:Ui],[Vo:Vi])eF^ x pi to 

{[Uq : C/i], [Vo : Vi]) ^ [UoVo : C/q^i : UiVo : f/iFi : : • • • : 0]. (151) 



We make the following convention. Given a pair {i,j) of integers, we set k = 
min(i, j), we set i' = i — k and we set j' = j — k. Consider the hypersurface X C P" 
with defining equation 

F=iYoY3-Y,Y2)Yt^+ Y^Y(YiY:,X,^j. (152) 

It is clear that E C X. We claim that the derivative map dF : C"+i ^ H° (E, Os {d - 
is surjective. Observe first that we have 

§- ^ Ut'vt\ H - Ut'V,Vt\ (153) 

g ^ U,ut'vr\ H - C/oC/rVo<-2. (154) 

And observe that for («, j) G Id, we have that 

^U^Uf'V^V^^-^-'. (155) 



Since the partial derivatives of the form give the terms UqU^ ^ ^^0^1 ^ 
with {i,j) = (0, 0), (0, 1), (1, 0), and (1,1), and since these are precisely the pairs 
(i,j) not contained in Id, we conclude that dF is surjective. Thus, for any line 
L C E, we have that ([X], [E], [L]) is in W°. □ 



36 



J. HARRIS AND J. STARR 



7. A VERY POSITIVE, VERY TWISTING FAMILY OF LINES 

In the last section, we proved that ii n + 1 > d?, and d > 2, then for a general 
hypersurface Xd C P" of degree d, a general line L C X is twistable, in other 



words hypothesis 4.11 holds. In this section, we will prove that if n > + d + 2, 
and d > 3 then there exists a morphism d : ^ A4q,i{X, 1) which is both very 
twistable and very positive. This provides the base case for the induction argument 
of section ^. 

The arguments in this section are very similar to those of the last section. In 
that section, the key result was that for {[X], [L]) general, there is a quadric surface 
S with L C S C X such that H' (E, iVs/x(-l)) is zero for i > 0. This result in 
turn reduced to finding a single degree d polynomial F on P", vanishing on some 
quadric surface S, and such that 

rff^,s :C"+i (156) 

is surjective. 



In this section, the role of L C X will be replaced by a rational normal curve 
Co C X of some degree fc < n (in the end we will only need the case k ^ 2d — 3). 
The role of the quadric surface will be replace by a rational normal scroll S of 
degree 2k — 1 such that Cq C S C X. The cohomology vanishing result of the last 
section will be replaced by the vanishing of W (Y,, N^/x(—Co — 2L)) for z > 0, 
where L is any line of ruling of E. The computation in this section will be to find 
a single degree d polynomial F on P", vanishing on E, and such that the image of 
the map, 

dF,s :C"+i ^i7°(E,Os(d-l)), (157) 

let's call it W C (E, OY,{d — 1)), has the property that the induced map 

W®H^ (E, Oe ((fc - 3)L)) ^ ff" (E, e>s(d - 1) ® Oe ((fc - 3)L)) (158) 

is surjective. A similar polynomial F to that of the last section satisfies this condi- 
tion. 



7.1. Generating Linear Systems on Fi. In the last section, the relevant sur- 
face was the Hirzebruch surface Fq = P^ x F^ embedded as a quadric surface. In 
this section, the relevant surface is the Hirzebruch surface Fi embedded as a ra- 
tional normal scroll of degree 2k — 1. We will perform our computations using the 
projective model of Fi: 

Fi = {([To : Ti], [ToC/ : T^U : V]) £ x V^\To{T^U) = Ti{TqU)] . (159) 

In the equation above, TqU and TiU are simply variables on P^. We denote the 
projection maps by pri : Fi ^ P^ and pr2 : Fi ^ P^. We denote by C'fi(-F) the 
line bundle pr^^Opi and by {E + F) the line bundle pr2C'p2 . Here Ofi {E) is the 
divisor class of the directrix E C Fi. This explains our terminology TqU and TiU: 
[7 is a nonzero element of (Fi, Opi {E)): and TqU and TiU are the products of 
U with the two global sections To and Ti of (Fi, Ov^{F)). 



RATIONAL CURVES ON HYPERSURFACES, II 



37 



We note that the Hne bundles Or^{E+F) and Or^{F) generate the Picard group 
of Fi . Thus we adopt the terminology for line bundles on Fi : 

0{a,b) :=OwA<E + F) + bF). (160) 

Note that E + F and F are each NEF, but not ample. We conclude that these two 
line bundles generate the NEF cone. Thus every NEF line bundle on Fi is of the 
form 0{a, b) for some nonnegative integers a, b. 

Now suppose that 0{a, b) is some NEF line bundle and W C (Fi, 0{a, b)) is 
a linear series. 

Definition 7.1. For an integer c > 0, we say that is a c-generating linear 
system, if the associated map 

liw,c -.W^H^ (Fi, 0(0, c)) ^ H° (Fi, 0(a, b + c)) (161) 

is surjective. 

The question we want to answer is, when is a c-generating linear system. 
In particular, what is the minimal necessary dimension of a c-generating linear 
system? To simplify the answer, we write b — 1 = l3d{c + 1) + j3r where /3d, (3r are 
integers with < Pr < c+ 1, and we write a + b—1 = Qd(c + 1) + Q!r where ad, 
are integers with < < c -|- 1. 



Lemma 7.2. Define the functions 

M{a, b, c) = + (26 + 3(c + 1)) o + 26 + 4(c + 1) + 2, (162) 
E{a, 6, c) = (/3^ - (c + l)0r) - {al - (c - l)ar) (163) 
The minimal necessary dimension for a c-generating linear system 

W C H°{¥i,0{a,b)) (164) 
is dim{W) = {M{a, 6, c) + E{a, b, c)). 

Proof. This is just a computation. For any nonnegative integers a', b' there is a 
decreasing filtration on (Fi, 0(a', 6')) given by 

F'H'^ (Fi, 0(a', 6')) = (Fi, 0(a', b'){~iE)) . (165) 

For any linear system W C (Fi, 0(a, 6)), there is an induced filtration F^W = 
n W. And the multiplication map iiw,c respects the filtrations on W and on 
(Fi, 0(a, 6 + c)). If iJ.w,c is surjective, then the associated graded pieces 

gv'nw,c ■■ grW ® (Fi, 0(0, c)) ^ gr^ifO (Fi, 0(a, 6 + c)) (166) 

are all surjective. As the dimension of W is the sum of the dimensions of the pieces 
gr'PF, we should compute the minimum possible dimension of a vector subspace 
W"^ C gr*i?° (Fi, 0(a, 6)) such that gr^iiyyi^^ is surjective (where g-£^iiw',c is the 
obvious map). 

Of course the associated graded parts for 0(a', b') are just 

gr<fl»(F.,0(«',6')) = { J^JjI^'^-C' + 'D' "S',^"' (167) 
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So we are looking for a subset C {E, OE{b + i)) such that the multiplication 
map 

grVvFSc ■.W'<^H° {E, Oe{c)) ^ {E, 0^(6 + c + i)) (168) 

is surjective. Counting the dimensions of the spaces on the left and the right, we 
have 



in other words, 



dim(VFO (c + 1) > (6 + c + i + 1) , 
b + i 



dim(W*) > 



1 



c+1 



+ 2. 



(169) 



(170) 



On the other hand, we can acheive this bound: simply take to be generated by 
the set of monomials: 

^JJ^ya-^J,(b+i)-J(c+^)J,Jic+l) = _ _ _ ^ ^} y {U'V-'T^+'y (171) 



where r 



b+i- 



c+F"J • Thus we have that the minimum necessary dimension for a 
c-generating linear series is 



dim(W) = 2a + 2 + J2 



i=0 



b + i-1 
c+1 



(172) 



If we write 6 — 1 = (3d{c + I) + (3r with < /3r < c + 1 and if we write a + b — 1 = 
ad{c + 1) + ar with < ar < c+1, then the sum above is just 



2a + 2 + ^ 

i=0 



b + i 



c+1 



1 



{M{a,b,c) + E{a,b,c)) 



(173) 
□ 



2(c+l) 

where M{a, b, c) and E{a, b, c) are as above. 

For the next result, we introduce the Cox homogeneous coordinate ring: 

5 = 5(Fi) :=C[To,Ti,C/,y] =e(„,b)ez2F0(Fi,C>(a,6)). (174) 

This is a Z^-graded ring, graded by deg(To) = deg(ri) = (0,1), deg(V) = (1,0) 
and deg(J7) = (1,-1). For any multi-degree (a, 6) € Z^, we have that S'(q,6) = 
iJ° {¥i,0{a, b)). We put a graded lexicographical monomial order on S where the 
grading is by total degree (deg(a,b) = a + b), and where U > V > Tq > Ti. 



In the proof of the lemma above, a special role was played by the linear system 
Wo{a, b, c) = span jc/V-^To^^+^^-^^'^+i^Tf (^+^) |i = 0, . . . , a, j = 1, . . . , r{i)} (175) 

+spB.n{U'V°--'Tl+^\ i = 0, . . . ,a}.(176) 

Here r{i) = . 

Lemma 7.3. Suppose W C (Fi, ©(a, b)) is a linear system. If the vector space 
of initial terms IN{W) contains Wo(a, b, c), then W is a c-generating linear system. 

Proof. Clearly we have that the vector space of initial terms of image(/(xvy,c) satisfies 
IN(W^) • 5(o,e) C IN (image(Mv^,e)) . (177) 
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(179) 



So if IN(V7) contains Wo{a, b, c), then we have that 

Wo{a, b, c) ■ 5(o,c) C IN {image{fiw,c)) ■ (178) 

By construction, Wo(a, 6, c) • 5(0, c) — S(^a,b+c)- So we have IN (image(/j,vy,c)) — 
S{a,b+c)i Eind therefore image (/ivy,c) — S(^a.b+c)- Therefore W is a. c-generating 
linear system. □ 

An important special case for us is when a = d—l, b = (d— l)(fc — 1) and c = fc — 3 
for some positive integers d and k (here d will be the degree of the hypersurface 
X C P", and k will be the degree of the curve Cq C X). In particular, if fc > 2d — 3, 
then we have 6 - 1 = (d - l)(fc - 2) + d - 2 and a + 6- 1 = (d - l)(fc - 2) + 2d - 3. 
So the formulas above reduce to 

M(d-l,(d-l)(fc-l),fc-3) = 2(fc-2)(d-l)2+ 

5(fc-2)(d- l) + 4(fc-2) + (3(d-l)2 + 2(d-l)-2), 
£:(d-l,(d-l)(fc-2),fc-3) = (fc-2)(d-l)- 
(3(d-l)2 + 2(d-l)-2) 

So, if fc > 2c? — 3, we have 

— ^— (M + E) = {d- if + 3(d-l) + 2 = d^ +d. (180) 
2(fc — 2) 

7.2. Cohomology Results. We introduce some incidence correspondences, anal- 
ogous to those introduced in section ^. Let Nd = ("J^'^) — 1 and let P^"* de- 
note the projective space parametrizing hypersurfaces Xj^ C P" of degree d. Let 
X C P^'' X P" denote the universal family of degree d hypersurfaces in P" . Let fc be 
any integer with 1 < fc < ^ (later we will only need the case that k — 2d — 3). Let 
-^fc^pn-j ^ ffi;6'=*+i(P") denote the open subscheme parametrizing curves Cq C P" 
which are projectively equivalent to a degree fc rational normal curve Cq C P*^ C P". 
Observe that TZ'' (P") is a homogeneous space of PGL„+i, and therefore is smooth 
and connected. Let Tl''{X) C P^"* x TZ''(F") denote the parameter space for pairs 
{[X],[Co]) where Co C X. Observe that the projection 7^'=(A') 7^'=(P") is a 
projective bundle of relative dimension Nd — [kd + 1). 

Let Q{t) — \{t + l)((2fc — l)t + 2) denote the Hilbert polynomial of a rational 
normal scroll of degree 2fc — 1 in P^*^. Let U C ffiZ6'5(*)(p") denote the open 
subscheme parametrizing subschemes S C P" which are projectively equivalent to 
a rational normal scroll of degree 2fc — 1 in P^*^ C P" which is abstractly isomorphic 
to Fi. Let V <ZU X 7?,*^(P"-) denote the parameter space of pairs ([E], [Co]) where 
Co C S and such that, using the isomorphism of E and Fi, the line bundle of Co 
is 0(1,0). The projection map V — > W factors as an open subset (with nonempty 
fibers) of a projective bundle over U of relative dimension 2 (actually each fiber is 
isomorphic to the of irreducible curves in the linear system 10(1, 0)|). 

Let W C P^'' xZi X 7^''(P") denote the parameter space for triples {[X], [E], [Cq]) 
where ([E], [Co]) is in V and where E C X. The projection map W V is a 
projective bundle of relative dimension Nd — Q{d). 

Now for a triple ([X], [E], [Co]) G W, we define dx,E : C"+i ^ F° (E, Os(d - 1)) 
as in section |[ More precisely, let £ be the trivial vector bundle on W of rank n + 1, 
let Q be the vector on U whose fiber at a point E is just (E, 0-£,{d — 1)), and 
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let T be the vector bundle on W which is pr5'(Op]v^ (1)) (g) pij^. Then there is 
a map of vector bundles d : E ^ T whose fiber over ([X], [E], [Co]) is the map 
<^x,E constructed above. Let >V° C W be the open subscheme (possibly empty) 
parametrizing pairs ([X], [S], [Co]) such that the image of rfx,E is a (A;— 3)-generating 
linear series in (S , Opn (d - 3) | e ) • 

Lemma 7.4. Lef / : Fi ^ S &e an isomorphism to a degree 2k — I rational normal 
scroll E C P^'^ C P". For each pair of integers a,b> 0, consider the bundle 

N{a, b) = r (A^E/p-c-i)) ® 0{a, b) (181) 

and the subbundle 

N'ia, b) = r {Nj:/p2,) ® 0{a, b). (182) 

Then we have the following: 

1. A^'(0, 0) is generated by global sections and satisfies W (Fi, A^'(0, 0)) is zero 
for i > 0, 

2. A^(0, 0) is generated by global sections and satisfies W (Fi, A''(0, 0)) is zero for 
i > 0, 

3. ifJ^ is any coherent sheaf on Fi which is generated by global sections and sat- 
isfies (Fi,.7-") is zero for i > Q, then for every pair of nonnegative integers 
(a, b) we have that T{a, b) := T ® 0{a^ b) is generated by global sections and 
satisfes W {¥i,!F{a, b)) is zero for i > 0. 

In particular, we conclude that for any pair of nonnegative integers {a,b), we 
ha,ve thai N{a,h) (resp. N'{a,h)) is generated by global sections and satisfies 
H' {¥uN{a, b)) is zero for i > (resp. H' (¥i,N'{a, b)) is zero for i >0). 

Proof. Recall that pri : Fi ^ is the projection morphism such that pr|Opi (1) = 
(/)• Via pri, Fi is isomorphic as a P^-scheme to the total space of the projective 
bundle: 

Fi ^P(0pi(-fc)eC>pi(-(fc-l))). (183) 

Under this isomorphism 0(1, fc — 1) corresponds to the tautological quotient bundle 
0(1) on P(Opi(— A:) © Opi(— (A: — 1))). In other words, up to projective equiva- 
lence, the map / : Fi — > P^'^ corresponds to the complete linear system of 0(1), i.e. 
/*Op2fc(l) = 0(1). Using this identification, it is easy to see that we have a short 
exact sequence of vector bundles on Fi : 

^ pr^Tpi ^ pr* (Opi (l)®(2fe-i)) ® /*Op2. (1) ^ f*N^/r2. ^ (184) 

Twisting by f*Op2k (-1), we observe that A'''(0, 0) is a quotient of pr^ (Opi (i)©(2fc-i)) ^ 
and so is generated by global sections. Observe that we have the vanishing 

(pri), (prJTpi /*Op2.(-l)) = i?i (pn), (prJTpi /*Op2.(-l)) = {0}. (185) 

Applying the long exact sequence of higher direct images to our short exact sequence 
(after twisting by f*Op2k (—1)), we have that (p^i)* (/*-^E/p2'= (—1)) is zero, and 
(pi"i)* (/*-^E/p2fe(— 1)) is Opi(l)®(^'^~-^^. Prom this and the Leray spectral sequence 
associated to pri : Fi P\ we conclude that W (Fi, 7V'(0, 0)) is zero for i > 0. 
This proves item (1) of the lemma. 
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Also observe that we have a short exact sequence: 

> N'{0,0) > A^(0,0) > C'(0,0)®("-2'=) > (186) 

Since W (Fi, Opi) is zero for i > 0, we conclude that A^(0, 0) is generated by global 
sections and satisfies W (Fi, iV(0, 0)) is zero for i > 0. This proves item (2) of the 
lemma. 



Now suppose that T is a coherent sheaf on Fi such that !F is generated by 
global sections and such that i/* {¥i,T) is zero for i > 0. We will prove by double 
induction on (a, b) that the same is true for J- {a, b) :— T ® 0{a, b). 

First we prove the result when 6 = 0. We proceed by induction on a. If a = 0, 
the result is tautological. Thus suppose that a > and suppose the result is proved 
for a — 1. Let C Fi be a general member of the linear system 10(1,0)1. Then 
Z) is a smooth curve isomorphic to P^. Since D is general, we have a short exact 
sequence: 

> J^(a-1,0) > T{a,Q) > T{a,{))\D > (187) 

Now JF|£) is generated by global sections. And 0¥^{a{e + /))|_d is isomorphic to 
C'pi(a). Thus we conclude that also jr(a,0)|D is generated by global sections. 
By the induction assumption, {{¥i,!F{a — 1, 0)) is zero, we conclude by the long 
exact sequence of cohomology associated to the short exact sequence above, that all 
the global sections of J-{a, Q)\d hft to global sections of JF(a, 0). Therefore J-{a, 0) 
is generated by global sections. Also, a coherent sheaf on which is generated 
by global sections has no higher cohomology. Combining this with the induction 
assumption and using the long exact sequence in cohomology associated to the short 
exact sequence above, we conclude that {¥i,J^{a, 0)) is zero for i > 0. Therefore 
we conclude by induction that for all a > 0, J-{a,Q) is generated by global sections 
and H' (Fi, J^(a, 0)) is zero for i > 0. 

Now we prove the result with b arbitrary. We proceed by induction on b. If 
& = 0, the result was proved in the last paragraph. Thus suppose that 6 > and 
suppose the result is proved for b—1. Let L C Fi be a general fiber of pri. Then L 
is smooth and isomorphic to P^. Since L is general, we have a short exact sequence: 

y T{a,b-1) y T{a,b) > J^{a,b)\L * (188) 

Now 0^1(0(6 + /) + bf)\L is isomorphic to Opi{a). By a similar analysis to that 
in the last paragraph, we conclude that J-'{a, b) is generated by global sections and 
that W {¥i,!F{a, b)) is zero for i > 0. So item (3) is proved by induction on b. □ 



Lemma 7.5. Let {[X], [E], [Co]) G W° be any triple, and l et f : Fi ^ S 6e some 
fixed isomorphism. Let N'{a,b) and N{a,b) be as in lemma 7.4- Also let us denote 

Nx{a, b)r (A^E/x(-l)) ® C(a, b) (189) 
Then we have the following: 

1. X is smooth along S 

2. for each pair of nonnegative integers (a, b), we have iJ' (Fi, Nx{a, b + k ^ 3)) 
is zero for i > 0, 
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3. for any line of ruling L C S, (^L, Ni^/xi'^ ~ 1)) *s ■^ero for a > any 
integer, 

4. {Co, Nco/x{0' — 2)) is zero for a > any integer, 

5. the projection morphism W — s- P"^"* given by {[X], [S], [Co]) [X] is smooth 
at{[X],m,[Co]), 

6. for any line L C S, the projection morphism F{X) P^'' given by {[X], [L]) i— > 
[X] is smooth at {[X], [L]), 

7. the projection morphism TZ!^{X) P^"* given by {[X], [Co]) ^ [X] is smooth 
at {[X],[Co\), and 

8. the projection morphism tt -.W ^VJ'iX) given by {[X], [E], [Co]) ^ {[X], [Co]) 
is smooth at {[X], [E], [Co]). 

Proof. Since the partial derivatives of a defining equation of X give a c-generating 
linear series, in particular they generate the sheaf 0^{d — 1). Thus, there is no 
point of E at which all the partial derivatives vanish. By the Jacobian criterion, 
we conclude that X is smooth along S. This proves item (1). 

For item 2, we observe that we have a short exact sequence: 

> N^,x > VVs/P" > Nx/vA^ > (190) 

For ease of notation, define a — a + {d—1) and (3 =^ b + {d — l)(fc — 1). We have a 
short exact sequence: 

y Nx{a,b) > N{a,b) > 0{a,(3) > (191) 



When a, 6 > 0, it follows by lemma 7.4 that iJ* (Fi, N{a, b)) is zero for i > 0. By a 
simple calculation, we also see that 

iJ' (Fi,0(a,/3)) = {0},i > 0. (192) 

So we conclude that (Fi, Nx{a, b)) is zero, and (Fi, Nx{a, b)) is zero iff the 
following map is surjective: 

H° (Fi, iV(a, b)) ^ H" (Fi, 0{a, /?)) . (193) 

We have a commutative diagram: 

{¥i,N{a,b)) (g) H° {¥i,0{a',b')) > H° {¥i, N{a + a' ,b + b')) 

(194) 

H"{¥i,0{a,(3))(g)H°{¥i,0{a\b')) > {¥i,0 {a + a' , (3 + b')) 

We conclude that if {¥i, Nx{a,b)) is zero and if a',b' > 0, then we also have 
that {¥i,Nx{a + a',b + b')). So to prove item (2), we are reduced to the case 
a = 0, 6 = fc — 3. But then the commutative diagram above factors as 

ijO(Fi,Tp.)(g)iJO(Fi, 0(0,^-3)) > iJ"(Fi,7V(0,fc-3)) 



H° (Fi, O (d - 1, (d - l)(fc - 1))) H° (Fi, 0(0, k - 3)) > (Fi, O (a, /?)) 

(195) 

By definition, the composition 

H" (FiTp.) (g) H" (Fi, 0(0, k-3))^ H° (Fi, O {a, (3)) (196) 
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is surjective iff the triple {[X], [S], [Co]) is in W°. So if {[X], [E], [Co]) is in W, 
then (Fi, iVx(0, /c - 3)) is zero. Thus item (2) holds. 

For item (3), observe that we have a short exact sequence: 

> 7Vi/s(a-l) > NL/x{a~l) > N^/x\L{a-l) > 

(197) 

Of course A^l/e = Ol, thus (L, Ni^/-^{a — 1)) is zero for a > 0. So to prove item 
(3), it suffices to prove that {L,N^/x\L{a- — 1)) is zero. Since 0{a — 1,&)|l — 
OL{a — 1), we have a short exact sequence: 

> Nx{a,k-3) > Nx{a,k~2) . N^/x\L{a-l) > 

(198) 

By item (2), for a > the higher cohomology of the first two terms vanishes. Thus 
by the long exact sequence in cohomology associated to this short exact sequence, 
we have that (L, Ny,/x\l{o, — 1)) is zero for a > 0. This proves item (3). 

Item (4) is almost identical to item (3) and is left as an exercise to the reader. 

By [^ proposition 2.14.2], the obstruction space for the relative Hilbert scheme 
HilbQ^^^X /P'^") at a point {[X], [S]) is contained in (i;,7Vs/x)- For a triple 
{[X], [S], [Co]) in W°, it follows from item (2) that 

(S, iVs/x) - (Fi, iVx(l, k - 1)) (199) 

vanishes. It follows by [0, theorem 2.10] that (A'/P^") P^-* is smooth 

at ([X], [E]). Of course the projection W° Hilb'^^*\X/P^'^) is an open subset 
of a projective bundle, and so is smooth. Thus we conclude that the composite 
morphism W° P^"* is smooth. This proves item (5). 

Item (6) is similar to item (5) and follows from item (3) which shows that 
(i, Nl/x) is zero. 

Item (7) is similar to item (5) and follows from item (4) which shows that 
{Co,Nco/x) is zero. 

Since W° F'^" is smooth at {[X], [E], [Co]) and since 7^'= P^"* is smooth 
at ([X],[Co]), to prove that tt : W" ^ 7^'=(A') is smooth at ([X], [E], [Cq]), it 
suffices to check that the derivative map dw : Tyyo/pw^ ''^*Tnk(^x)/r"d is surjec- 
tive at ([X], [E], [Co]). This exactly reduces to the statement that iJ" (E, iV^/x) ^ 

(Co, ^E/x|co) is surjective. Since the cokernel is contained in (Fi, Nx{^, fc — 1 
which is zero by item (3), we conclude the derivative dTr is surjective. Therefore 
TT : W° ^ T&{X) is smooth. This proves item (8). □ 

Now suppose that ([X], [S], [Co]) is a point in W°. Let cr : Co — > E be the 
inclusion and let prco : E ^ Cq be the unique projection such that cr is a section of 
pr^ (in the model of E as Fi, prco is simply pri). Let g :Y, ^ X he the inclusion. 
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Then we have an induced morphism : Cq A^o,i(^! 1) given by the diagram: 



X 



(200) 



Co 



Lemma 7.6. If {[X], [E], [Co]) is a triple in W°, then the corresponding morphism 
C : Co — ^ M.Q^i{X, 1) is very twisting and very positive. 



Proof. First we check the axioms of definition 4.4. Since g o cr : Co — > ^ is an 



embedding, in particular this map is stable, i.e. axiom (1) is satisfied. By item (7) 
of lemma 7.5, we conclude that A^o,o(-''^, k) is unobstructed at [goer : Co 



X] 



axiom (2) is satisfied. 



The argument that axiom (3) holds is exactly the same as the argument that 
axiom (3) holds in the proof of lemma 6.2, where item (6) of lemma 3.1 is replaced 



by item (3) of lemma 7.5 



As in the proof of lemma 6^, we have that C*7cv is isomorphic to (prco), Nx{0, k— 
1). Of course C*Tcv is ample iff (Co, C*Tev(— 2)) is zero. By the isomorphism 
above an d a Leray spectral sequence argument analogous to the one in the proof 
of lem ma |6.2| , this cohomology group equals (Fi, iVx(0, k — 3)). By item (2) of 
lemma |7.5| , this group is zero. Therefore C*2cv is an ample bundle. So axiom (4) is 
satisfied. 



Finally, observe that a*0^{a) is Oco (1) and so is ample. So axiom (5) is satisfied. 
Thus C is a very twisting family. 



Next we consider the axioms in definition 4.12 . Axioms (1), (2) and (3) follow 
immediately from axioms (1), (2) and (3) of definition 4.3 proved above. To see 
that axiom (4) holds, observe that we have a short exact sequence: 

> CTev > CT-^oAXA) ' {goaTTx > (201) 

We have seen above that C*^ov is ample. Moreover, it follows by item (4) of 
lemma 7.5 that Nq^/x is an ample vector bundle. Since also is an ample line 
bundle, we conclude that Tx\ca is an ample vector bundle. Since the first and third 
terms in the short exact sequence above are ample, we conclude that C*^XTo lix i) 
an ample vector bundle. Since <^*pr*r^^ ^f^-^ -^^ is a quotient bundle of C*^aTo i(^ i)' 
we also have that C*pr*r^^ ^j.^ ^-^ is an ample vector bundle. So axiom (4) holds. 

Finally, we have seen above that a*0^{a) equals Oco{^)i which is ample. Thus 
axiom (5) holds. So C is a very positive family. □ 

Proposition 7.7. If n > d^ + d + 2 and if d > 3, for k — 2d — 3, we have that 
yy° ^ TZ''(X) is dominant, and T&{X) -» P^'' is dominant. So for [X] e P^"* 
general, there exists a very twisting, very positive family C : Co — > Mo,i{X, 1). 



Proof. By item (8) of lemma 7.5, it suffices to prove that W° is nonempty. We 
have to find a pair {[X], [E]) such that for a = d — 1, b = (d — l)(/c — 1) and for 
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c = fc — 3, we have that the image of the derivative map 

dx,i: : ((P",Tpn(-l)) ^ {¥i,0{a,b)) (202) 
is a c-generating Hnear system. 

Recall that S = C[Tq,Ti,U,V] is the Z^-graded Cox homogeneous coordinate 
ring of Fi. Let denote the set of monomials in the vector subspace 3(^^-1, {d-i){k-i)) 
which occur in the linear system Wo(a, b, c), i.e. 

Ad = 

^^iyd-l-^J.ad-l){k-l)+^)-Kk~2)^Jik-2) |, = Q, . . . , d - 1, J = 1, . . . , r(i)} 
U i = 0, . . . , d - 1} 

(203) 



where r{i) = d — 1 + 



i-2+i 
k-2 



. Let Bd denote the set of monomials of the form 

Bd = 



■U 



(204) 



^JJd-lrJ.{d-l)k-^{k-2)rJ.^^{k~2) |i = Q, . . . , - 2} U 
^^Ud-2yrJ.{d-l)k-l-^{k-2)rJ.^^{k~2)^^ = 0, . . . , d - 2} I 
|[|<i-3y2jn('i-l)fe-2-0+2)(fe-2)y0+2)(fe-2)|^. ^ q d - 4| U 

^ljd-iy3j'{d-l)k-Z-{j+2){k-2)rj^(j+2){k-2)^. ^ ^ d - 

Let Cd denote the set of monomials Cd = Ad — Bd- Now Ad contains + d 
monomials, and Bd contains id — 8 monomials. Choose homogeneous coordinates 
on P" of the form 

{Yo, ...,Y2k}U {Xm\M g Cd} U {Zi\l = 1, . . . ,n - [d^ + d + 2)} . (205) 

Let / : Fi ^ P^*^ C P" be the map defined by sending a point ([To : Ti], [TqU : 
TiU : V]) to the point in P" with coordinates = 0,m G Cd, with Zi = 0,1 = 
1, . . . , n — (d^ + d), and with 

Yo = T^U, . . . , = T^'TIU, ...,Yk= T^U, (206) 

n+i = To'=- V, . . . , Yk+i+j = Tf'TiV, ...,Y2k= T^-'V. (207) 

This is an embedding whose image S = /(Fi) is a rational normal scroll of degree 
2k -1. 

Now the puUback map H° ((p2'=, 0,2^(1)) ^ {¥i,0{l,k- 1)) is surjective 
by construction. And the natural map 

Sym'^-^iJ" (Fi, 0(1, A; - 1)) ^ H° (Fi, O {d - 1, (d - l)(fc - 1))) (208) 

is surjective. Therefore the pullback map 

i^°(p2^0p2.(d-l)) ^i?°(Fi,e>(d-l,(d-l)(fc-l))) (209) 

is surjective. For each monomial M e Cd, choose a polynomial Gm{Yo, ■ ■ ■ ,5^/s) 
such that f*GM = M. 



46 



J. HARRIS AND J. STARR 



Consider the hypersurface X C P" with defining equation 

d-2 

F = J2 - Y^+iYk+i+i) Yt^-^YU + (210) 

i=0 

d-4 

{Yd-i+jYk+d+i+j - Yd+,Yk+d+j) Yt^-'Yl_^Y2k-:iY2k+i-d + (211) 

3=0 

GM{YQ,...,Y2k)XM. (212) 



The corresponding derivative map c?x,s acts on the partial derivatives by 

OF ^ TTd-2^rrp{d-l)k-2^ 

WE ^ u V 1q 



dYi 



jjd-2yrp(d-'^)k-2-(t+l)(k-2)rp(i+l)(k-2) 

i — 0, . . . ,d ~ 3, 



OF ^ _jjd-2yrj.{d-l)k-l-(d-2)(k-2)j,(d-2)(k-2)_ 



jjd-Ay'irp(d-l)k-A-2{k-2)rp2{k-2) + l 



OF ^ _^d_4y3y(d-l)fc-3-0+2)(fc-2)y0+2)(fe-2)_ 

jjd-4y3y(d-l)fe-4-0+3)(fe-2)j.0+3)(fc-2) 

j = 0, . . . , d - 5, 

aF ^ _j^d_4y3y('i-l)fc-3-(d-2)(fc-2)j.(d-2)(fc-2) 



OF 



0, (213) 



on 

3F ^ jjd-lrp{d-l)k-i(k-2)j,i{k-2)^ 



jjd~lrp(d-l)k-l-(i+l){k-2)rj,{i+l)(k-2) + l 

i = 0, . . . , d — 3, 

3F ^ j^d-l2.('i-l)fe-('i-2)(fc-2)j.(d-2)(fc-2)_ 



jjd-ZY2rp(d-l)k-Z-2(k-2)rp2(k+2) + l 
OF ^ jjd~ZY2rp(d-l)k-2-[j+2)(k-2)rp{j+2){k-2) ^ 

I -U-i 1 



dYy 



jjd~3Y2j^{d-l)k-3-{j+3){k^2)j.U+3){k~2) + l 

J = 0, . . . , d - 5, 



OF ^ jjd-3M2rr(d-l)k-2-(d-2)(k-2)rj.(d-2)(k-2) 

dY2k 



Jjd-3Y2rp\U.-L)K-^-yu,-^jyK-ijrp\U 



In the hst above, every partial derivative is a sum of at most two monomials, 
i.e. each partial derivative is a binomial, and the first term listed is the initial term 
with respect to our monomial order. From this list, it is clear that every monomial 
in Bd occurs as the initial term of some partial derivative. Also, for each M € Cd, 
the partial derivative simply maps to M . Thus every monomial in Cd occurs 
as the initial term of some partial derivative. Thus every monomial in Ad occurs 
as the initial term of some partial derivative. So the vector space of initial terms 



of image(dx,s) contains Wo{a,b,c). Therefore, by lemma 7.3, we conclude that 
image(dx,i;) is a c-generating linear system. So, for any irreducible curve Cq in the 
linear system of |O(l,0)|, we have that {[X], [E], [Co]) is in >V°. □ 



RATIONAL CURVES ON HYPERSURFACES, II 



47 



8. Proof of the main theorem 



In this section we prove theorem 1.1. As explained at the end of section p] if 



d < then for a general hypersurface Xd C P" , hypothesis 1.2, hypothesis 1.3 
and hypothesis lA are satisfied. By propositio n |6.3|, if d > 2 and (P < n + 1 , then 



for Xd C P" general we have that hypothesis is satisfied. Finally, if d > 3 
and a cP + d + 2 < n, then for Xd C P" general there exists a very twisting, 
very positive family ^ : Co — > Mo,iiX, 1). Thus (C, C) is an inducting pair. Now by 
theorem ^.5[ , we conclude that for every e > 1 there exists an inducting pair (Ci, ^g). 
In particular, there exists a very positive 1-morphism : C ^ A^o.i(^je). As 



seen in the proof of theorem 5_^, we may assume that C is smooth, i.e. C is equal 
to P^, and that the image of pr o : P^ — > Mo.oi^, e) is contained in the smooth 
part of the fine moduli locus. So, by item (2) of remark [l.lS , we conclude that Cg 
is a very free morphism. And by 
irreducible variety. Therefore by 
is rationally connected. 



proposition 7.4], we have that MQfi{X, e) is an 
IQ , theorem IV. 3. 7], we conclude that Mo,o{X, e) 
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